Rarefied-gas viscoseal by Wilkerson, H. J.
THE UNIVERSITY OF TENNESSEE 
DEPARTMENT OF MECHANICAL 
AND AEROSPACE ENGINEERING 
RAREFIED-GAS VISCOSEAL 
by 
HARVEY J. WILKERSON 
Prepared Under 
National Aeronautics and Space Administration 
Research Grant 43-001-023 
August l970 
Knoxville, Tennessee 37916 
https://ntrs.nasa.gov/search.jsp?R=19710005312 2020-03-12T00:01:43+00:00Z
The University of Tennessee 
Department of Mechanical and Aerospace Engineering 
RAREFIED-GAS VISCOSEAL 
by 
HARVEY J. WLLKERSON 
Prepared Under 
National Aeronautics and Space Administration 
Research Grant 43-001-023 
August 1970 
Knoxville, Tennessee 37916 
This document is submitted as an interim report on the rarefied- 
gas viscoseal investigation which is a portion of "A Fundamental Study 
in Low-Density Gas Dynamics" at the University of Tennessee. Support 
for this work was provided by the National Aeronautics and Space 
Administration under Research Grant 43-001-023. These studies, under 
the direction of Dr. M. W, Milligan, have been confined to internal 
rarefied gas dynamics and have, in addition to the viscoseal, included 
investigations of low density flows in long and short cylindrical 
tubes, annuli, porous media, long square tubes, and nozzles. 
This report was submitted to the University of Tennessee in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy 
and is presented here with minor changes in format. 
Approve 
Principal ~nves tigator 

ABSTRACT 
A fundamental study of the rarefied-gas viscoseal was initiated to 
expand the basic understanding of its operation under low-density conditions. 
The efforts reported consist of both experimental and analytical investigations, 
The theoretical analyses are based on formulating rarefied corrections to 
the laminar continuum equations for viscous flow. Both slip boundary 
conditions and self-diffusion contributions are applied to the Reynolds 
lubrication equations, An experimental investigation has been conducted 
on a multiple grooved two-inch diameter viscoseal over a wide range of gas 
densities and shaft speeds up to 30,000 rpm. Comparisons are presented 
between actual viscoseal performance and the theoretical predictions for 
both sealing coefficient and net leakage parameters as functions of the 
degree of gas rarefication. Comparisons with the experimental data of 
several other investigators are made. 
In general the developed theoretical models predict the trends of 
the experimental data; however, some deviations between the theories and 
experiment exist. 
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INTRODUCTION 
Background 
A fundamental  s t u d y  of t h e  gas  v i s c o s e a l  was i n i t i a t e d  t o  
expand t h e  b a s i c  u n d e r s t a n d i n g  of i t s  o p e r a t i o n  under  low d e n s i t y  
eondf t i  ons.  
Th is  i n v e s t i g a t i o n  was a  p o r t i o n  of "A Fundamental Study i n  Low- 
Dens i ty  Gas Dynamics" suppor ted  a t  t h e  U n i v e r s i t y  of Tennessee by t h e  
N a t i o n a l  Aeronau t ics  and Space A d m i n i s t r a t i o n  under  Research Gran t  
43-001-023. These s t u d i e s ,  under t h e  d i r e c t i o n  of D r .  M. W. M i l l i g a n ,  
have been c o n f i n e d  t o  i n t e r n a l  r a r e f i e d  g a s  dynamics and have,  i n  
a d d i t i o n  t o  t h e  v i s c o s e a l ,  i n c l u d e d  i n v e s t i g a t i o n s  of low d e n s i t y  f l o w s  
i n  l o n g  and s h o r t  c y l i n d r i c a l  t u b e s ,  a n n u l i ,  porous media,  long  s q u a r e  
t u b e s ,  and n o z z l e s ,  
A v i scosea l .  i s  a dynamic s h a f t  s e a l  which c o n s i s t s  of e s s e n t i a l l y  
two  e lements ,  a s h a f t  and a  housing around it- H e l i c a l  grooves  a r e  provided 
on t h e  s h a f t  and /or  t h e  housing,and t h e  r e l a t i v e  mot ion of t h e s e  two 
s u r f a z e s  produces  a  v i s c o u s  pumping a c t i o n  on t h e  f l u i d  i n  t h e  grooves .  
The v i s c o s e a l  i s  normal ly  des igned  w i t h  minimal c l e a r a n c e  i n  t h e  
a n n u l a r  s p a c e  between t h e  s h a f t  and t h e  housing t o  maximize t h e  performance,  
Since c h i s  s e a l  does n o t  depend on p h y s i c a l  c o n t a c t  t o  p r o v i d e  s e a l i n g  
ace ion ,  i t  o f f e r s  e s s e n t i a l l y  z e r o  wear r a t e s  and the p e s s i b i l f t y  of low 
4 
leakage races ,  F i g u r e  1 shows a t y p i c a l  v iscoseal  w i t h  a grooved sha f t  
and a smooth housing,  
Ivlechanical d e v i c e s  which embody t h e  v i s c o s e a l  geometry a r e  of e a r l y  
o r i g i n  and have been i n  u s e  i n  e x c e s s  of 100 y e a r s  i n  s e v e r a l  a p p l i c a t i o n s .  
These i n c l u d e  u s e s  a s  a screw e x t r u d e r  f o r  producing f low of v e r y  v i s c o u s  
l i q u i d s  o r  p l a s t i c s ,  screw o i l  pumps, and a s  s h a f t  s e a l i n g  d e v i c e s .  The 
h i s t o r y  of t h e s e  deveLopments i n t o  t h e  p r e s e n t  day v i s c o s e a l  i s  w e l l  
L p r e s e n t e d  i n  R e f e r e n c e s [ l , 2 ,  and 31 . The pr imary s t i m u l i  f o r  t h e  r e c e n t  
renewed i n t e r e s t  i n  t h e  v i s c o s e a l  have been t h e  demands f o r  advanced 
s e a l i n g  concep t s  i n  t h e  s p a c e  and n u c l e a r  programs. Most of t h e  r e c e n t  
v i s c o s e a l  i n v e s t i g a t i o n s  have been p r i m a r i l y  concerned w i t h  l i q u i d s  a s  
t h e  s e a l a n t  w i t h  emphasis on t h e  continuum regimes i n c l u d i n g  b o t h  l aminar  
and t u r b u l e n t  f low.  The requ i rement  of r e s t r i c t i n g  t h e  f low s f  f l u i d s  
t o  a s p a c e  environment h a s  n e c e s s i t a t e d  t h e  development of s e a l s  which 
o p e r a t e  i n  t h e  r a r e f i e d - g a s  f low regime. A s  t h e  l e a k a g e  f l u i d  p a s s e s  
through t h e  s e a l  sys tem,  i t s  c h a r a c t e r  changes from t h a t  of a csntinuum 
f l u i d  a t  t h e  h i g h e r  d e n s i t y  end t o  c h a t  of a r a r e f l e d  f l u i d  a t  t h e  
lower d e n s i t y  end where t h e  f l u i d  e x i t s  t o  s p a c e .  The complete seal 
system would i n c l u d e  s e v e r a l  components and e lements  of d i f f e r e n t  d e s i g n  
and purpose  depending on whether  t h e  f l u i d  be ing  handled was a l i q u i d ,  
a g a s  a t  continuum c o n d i t i o n s ,  a r a r e f i e d  g a s  o r  a combinat ion of t h e s e .  
T h i s  s t u d y  is  concerned w i t h  t h e  las t  e lement  i n  t h e  t o t a l  s e a l  sys tem 
j u s t  p r i o r  t o  t h e  f l u i d  e x i t i n g  t o  space  as a r a r e f i e d  g a s ,  
%umbers i n  b r a c k e t s  r e f e r  t o  s i m i l a r l y  numbered r e f e r e n c e s  i n  t h e  
Bib l iography .  

Plow of a r a r e f i e d  g a s  is  c h a r a c t e r i z e d  by t h e  r a t i o  of t h e  mean 
f r e e  path,X, t o  t h e  s i g n i f i c a n t  dimension of t h e  f l o w  f i e l d ,  A g a s  under 
t h i s  c o n d i t i o n  does  n o t  behave e n t i r e l y  a s  a con t inuous  f l u i d  b u t  a l s o  
e x h i b i t s  some c h a r a c t e r i s t i c s  of i ts  c o a r s e  molecu la r  s t r u c t u r e .  The 
d imens ion less  pa ramete r  Knudsen number, which i s  t h e  r a t i o  of A t o  t h e  
c h a r a c t e r i s t i c  syscem dimension,  is  a measure of t h e  d e g r e e  of r a r e f i c a t f ~ n ~  
When t h e  Knudsen number i s  q u i t e  s m a l l ,  f e e , ,  less t h a n  0.01, t h e n  X i s  
s m a l l  i n  comparison t o  t h e  f low system c h a r a e t e r i s t i c  d imension,  and 
t h e r e f o r e  i n t e r m o l e c u l a r  c o l l i s i o n s  a r e  predominant o v e r  c o l l i s i o n s  w i t h  
t h e  boundar ies .  Here one is concerned w i t h  maeroscopie  motion of t h e  
g a s  a s  a continuum r a t h e r  t h a n  che m i c r o s r u p i c  mot ion of t h e  i n d i v i d u a l  
molecules ,  The concep t s  of c l a s s i c a l  g a s  dynamics a p p l y  t o  t h i s  f low 
s i t u a t i o n ,  For f lows  i n  w h i ~ h  t h e  v a l u e  of t h e  Knudsen number i s  l a r g e ,  
i , e . ,  g r e a t e r  t h a n  1 0 ,  c o l l i s i o n s  w i t h  t h e  b o u n d a r i e s  dominate over  
c o l l i s i o n s  between molecu les .  T h i s  c l a s s  of f l u i d  t r a n s p o r t  i s  commonly 
d e f i n e d  a s  " f r e e  molecu la r  fLow," The r e g i o n  between t h e  continuum and 
t h e  f r e e  molecu la r  regimes i s  commonly termed " s l i p  f low."  A broad 
range  of f low of v a r y i n g  c h a r a c t e r  may e x i s t  i n  t h i s  r e g i o n  depending on 
t h e  p rox imi ty  of t h e  g a s  t o  t h e  continuum o r  t h e  f r e e  molecu la r  r e g i o n s ,  
A s  t h e  gas  becomes r a r e f i e d ,  t h e  i n t e r m o l e c u l a r  momentum t r a n s p o r t  i n  
t h e  v f c l n i t y  of t h e  w a l l s  d imin i shes  due t o  t h e  reduced number of i n t e r -  
moLecular c o l l i s i o n s n  T h i s  a c t i o n  p r o d u ~ e s  a n  a p p a r e n t  d iminu t ion  i n  
t h e  v i s c o s i t y  of t h e  g a s  and c r e a t e s  t h e  ef fecc  of a f i n i t e  " s l i p  
velocity" in p o r t i o n s  of the fluid adjaeenr: to t h e  wablso Renee originates 
t h e  term " s l i p  f l o w , ' '  
Relatively Feu experimental  ~nvestfgataons have Seen devored tc 
r a r e t i e d - g a s  v i s c o s e a l s .  Baron [4] performed exper iments  u s i n g  a i r  and 
hydrogen a s  t h e  s e a l a n t s ,  b u t  h i s  d a t a  a r e  w e l l  w i t h i n  t h e  continuum 
regime. Hodgson [5]  performed exper iments  w i t h  mercury vapor  a s  t h e  
s e a l a n t ,  b u t  r e p o r t s  o n l y  a  l i m i t e d  amount of d a t a ,  King 661 performed 
tests u s i n g  a i r ,  a rgon ,  hel ium,  and s u l f u r  h e x a f l u o r i d e  g a s ,  and a  p o r t i o n  
of t h e s e  d a t a  a r e  noteworthy i n  be ing  i n  t h e  non-continuum regime.  The 
e f f o r t s  of King a r e  d i s c u s s e d  i n  more d e t a i l  i n  Appendix B. Hodgson 
and M i l l i g a n  [ 7 3  o b t a i n e d  v i s c o s e a l  d a t a  f o r  a i r ,  b u t  a g a i n  t h e s e  were  
i n  t h e  continuum regime.  
The t h e o r e t i c a l  a n a l y s e s  of v i s e o s e a l s  having a  r a r e f i e d  g a s  a s  
t h e  s e a l a n t  a r e  a l s o  v e r y  l i m i t e d ,  King €61  performed a t h e o r e t i c a l  
a n a l y s i s  u s i n g  a  s i m p l i f i e d  model f o r  t h e  r o t o r  induced f low i n  t h e  grooves  
and a modif ied form of t h e  P o i s e u i l l e  v i s c o u s  f low t u b e  e q u a t i o n  f o r  t h e  
p r e s s u r e  induced f lows .  King ' s  a n a l y s i s  i s  d i s c u s s e d  i n  d e t a i l  i n  
Appendix B. Hodgson [5]  performed a n  a n a l y s i s  of t h e  v i s c o s e a l  from r h e  
continuum r e g i o n  t o  t h e  f r e e  mefecu la r  regimes by c o n s i d e r i n g  i n d i v i d u a l l y  
t h e  p r e s s u r e  induced f lows i n  t h e  grooves  and t h e  c l e a r a n c e  annu lus  
superimposed w i t h  t h e  r o t o r  induced f l o w  nn t h e  grooves .  The p rocedure  
used i s  p a t t e r n e d  a f t e r  t h e  work of Knudsen i n  f o r m u l a t i n g  e q u a t i o n s  of a  
c e r t a i n  form eo match t h e  molecu la r  and continuum l i m i t s .  The a n a l y s i s  
of Hodgson i s  c u r r e n t l y  under  i n v e s t i g a t i o n  by a  f e l l o w  r e s e a r c h e r ,  
Mr. K ,  E .  Patterson, and wiil b e  documented i n  t h e  for thcoming master's 
t h e s f s  [ a ] ,  
Statement of the  Problem 
T h i s  s t u d y  i s  a  combined e x p e r i m e n t a l  and a n a l y t i c a l  i n v e s t i g a t i o n  
of a  v isco-rype g a s  s e a l  o p e r a t i n g  under  r a r e f i e d  f low c o n d i t i o n s .  The 
e x p e r i m e n t a l  i n v e s t i g a t i o n s  i n c l u d e  t h e  g a t h e r i n g  of performance d a t a  on  
a m u l t i p l e  grooved two-inch d iamete r  v i s c o s e a l  over  a  wide range  of s h a f t  
speeds  and gas  d e n s i t i e s ,  The t h e o r e t i c a l  a n a l y s e s  a r e  based  on 
f o r m u l a t i n g  " r a r e f i e d "  c o r r e c t i o n s  t o  t h e  l aminar  continuum e q u a t i o n s  f o r  
v i s c o u s  f low,  It i s  n e c e s s a r y  t o  account  f o r  t h e  s l i p  v e l o c i t y  a t  t h e  
w a l l s  and t o  account  f o r  t h e  molecu la r  d i f f u s i o n  which o c c u r s  due t o  t h e  
c o n c e n t r a t i o n  g r a d i e n t ,  I n  t h e  a n a l y s e s  t h e  f low i s  assumed s t e a d y ,  
i s o t h e r m a l ,  and l aminar ,  The s e a l a n t  f l u i d  i s  cons idered  t o  b e  o f  
c o n s t a n t  v i s c o s i t y ,  Newtonian, and a  monatomic gas  which obeys t h e  p e r f e c t  
g a s  e q u a t i o n  of s t a t e .  
CHAPTER I1 
THEORETICAL ANALYSES 
The a n a l y s i s  of t h e  f low i n  a v i s c o s e a l  geometry p r e s e n t s  a  d i f f i c u l t  
and complex problem r e g a r d l e s s  of t h e  f low regime i n  q u e s t i o n ,  The 
i n c l u s i o n  of r a r e f i c a t i o n  e f f e c t s  f u r t h e r  e n l a r g e s  t h e  d i f f i c u l t i e s  thrctigh 
t h e  i n c r e a s e d  complexi ty  of t h e  boundary c o n d i t i o n s  i n  a d d i t i o n  t o  t h e  
u s u a l  need f o r  numer ica l  i n t e g r a t i o n  i f  d i f f u s i o n  e f f e c t s  a r e  i n c l u d e d ,  
The a n a l y s i s  approach s e l e c t e d  h a s  been one of f o r m u l a t i n g  " r a r e f i e d "  
c o r r e c t i o n s  t o  t h e  l aminar  continuum e q u a t i o n s  f o r  v i s c o u s  f low i n  t h e  
v i s c o s e a l o  T h i s  approach i s  s i m i l a r  t o  t h a t  of s e v e r a l  p r e v i o u s  
i n v e s t i g a t i o n s  [ 9 ,  90,  11, 1 2 ,  13, and 3.41 of i n t e r n a l  r a r e f i e d  f low t h a t  
have i n d i c a t e d  thaiz a  s i n g l e  model f o r  g a s  f low through tubes  and a n n u l i ,  
a p p l i c a b l e  t o  t h e  f l o w  regimes ex tend ing  from continuum t o  molecu la r  f low,  
c a n  be  d e r i v e d  by t h e  i n c l u s i o n  of r a r e f i e d  e f f e c t s  on t h e  continuum 
model, Weber [ 9 ]  developed a  r a t h e r  complete  theory  of r a r e f i e d  g a s  f low 
through l o n g  t u b e s  by combining t he  f low p r e d i c t e d  from t h e  continuum 
e q u a t i o n  u s i n g  s l i p  boundary c o n d i t i o n s  w i t h  d i f f u s i o n  f low which e x i s t s  
due t o  a c o n c e n t r a t i o n  g r a d i e n t ,  M f l l i g a n  exper imentaLiy v e r i f i e d  t h e  
-- _ 
a n a l y s i s  t echn ique  of Waber f o r  r a r e f i e d  f low i n  Long t u b e s  [ l o ]  w i t h  
e x e e l l e n t  agreement.  The s u p e r p o s i t i o n  a n a l y s i s  t e c h n i q u e  was exrended 
t o  i n c l u d e  l ~ n g  a n n u l i  by M i l l i g a n ,  Cowling, and Wilkerson / l 2 ,  13,  and 
141 w i t h  c o n t i n u i n g  success, 
Ln 1959 Been and TdL p u b l i s h e d  [i5] a algnhficant analysis of t h e  
%ic;o=eal in the larninaz ccntinuurn regime f a r  a censcan t  d e n s ~ t y  F l u i d ,  
7 
The v i s c o s e a l  geometry was approximated by two f l a t  p la tes ,  one of which 
was grooved,  moving p a r a l l e l  t o  each o t h e r ,  The f l o w  f i e l d  was developed 
from a  s u p e r p o s i t i o n  of Coue t te  f lows  a l o n g  and a c r o s s  t h e  grooves .  The 
r e s u l t i n g  v e l o c i t y  d i s t r i b u t i o n s  were i n t e g r a t e d  t o  o b t a i n  t h e  v o l u m e t r i c  
f low r a t e ,  and t h e  p r e s s u r e  g e n e r a t i o n  f o r  ze ro  n e t  l eakage  c o n d i t i o n s  
was developed.  Subsequent i n v e s t i g a t i o n s  by S t a i r  [16,  17 ,  1 8 ,  and 191 
u s i n g  l i q u i d s  a s  t h e  s e a l a n t  showed v e r y  good agreement w i t h  t h e  a n a l y s i s  
of Boon and Ta l .  The d a t a  of Hodgson and M i l l i g a n  [7 ]  u s i n g  a i r  as t h e  
s e a l a n t  a l s o  s u b s t a n t i a t e d  t h i s  a n a l y s i s  f o r  l aminar  continuum o p e r a t i o n  
w i t h  g a s e s ,  
I n  t h e  work p r e s e n t e d  h e r e  t h e  a n a l y s i s  of Boon and T a l  h a s  been 
s e l e c t e d  a s  t h e  model f o r  p r e d i c t i n g  t h e  l aminar  continuum v i s c o u s  f l ~ w .  
Th is  model w i l l  s e r v e  a s  t h e  b a s i s  f o r  o b t a i n i n g  two d i f f e r e n t  b u t  c l o s e l y  
r e l a t e d  non-continuum s o l u t i o n s .  The f i r s t  of t h e s e  r a r e f i e d  s o l u t i o n s  
w i l l  b e  d e r i v e d  by t h e  a p p l i c a t i o n  of s l i p  boundary c o n d i t i o n s  t o  o b t a i n  
a  c l o s e d  form s o l u t i o n  r e f e r r e d  t o  as t h e  "s l ip-modif ied Reynolds s o l u t i o n , "  
A second more complex s o l u t i o n  w i l l  b e  o b t a i n e d  u s i n g  t h e  anaLysis  
t e c h n i q u e  of Weber t o  combine t h e  continuum f l o w  p l u s  t h e  s l f p  f low 
c o n t r i b u t i o n  modi f i ed  f o r  t h e  molecules  which do n o t  e x p e r i e n c e  s l i p  
boundary c o n d i t i o n s  p l u s  t h e  s e l f - d i f f u s i o n  f l o w s ,  The second s o l u t i o n  
w i l l  b e  r e f e r r e d  t o  as t h e  "composite s o l u t i o n , "  
Slip-Modified Reynolds S o l u t i o n  
Consider a screw Farmed G n  a s h a f t  Pccated cnncentricaLay w i t h i n  a 
c y l x n d r f c a l  heuskng w ~ t h  a r a d z a l  c l e ~ r a n c e  c ,  The annula-  space is 
f i l l e d  w i t h  a g a s  and ~ h e  s h a f t  is moving r e l a t i v e  t o  t h e  housing w i t h  an 
a n g l ~ l a r  v e l e c i t y ,  R, F i g u r e  2 shows a developed v i e w  o f  &he v i scosea l  
geamehay. The ( x ,  y )  a x e s  a r e  along and normal to the d i r e c t i o n  of 
r e l a t i v e  mot ion and t h e  (5, V) axes  a r e  p a r a l l e l  and normal t o  t h e  g rooves ,  
The (x, y )  and (5, V) c o o r d i n a t e s  sys tems a r e  r e l a t e d  by: 
5 = x cos  a + y s i n  a 
Q = y c o s  a - x s i n  a ,  
Prev ious  i n v e s t i g a t o r s  [15, 161 have reduced t h e  d e s c r i b i n g  p a r t i a l  
d i f f e r e n t i a l  momentum e q u a t i o n s  t o  t h e  Reynolds lubrication e q u a t i o n s ,  
These a n a l y s e s  were  based on t h e  f l a t  p l a t e  model of F i g u r e  2 and assumed 
s t e a d y ,  i s o t h e r m a l ,  two-dimensional, l aminar  f low,  F u r t h e r ,  t h e s e  
a n a l y s e s  assumed i n e r t i a  f o r c e s  t o  be n e g l i g i b l e  i n  comparison t o  v i s c a u s  
f o r c e s  and n e g l e c t e d  body f o r c e s  and end e f f e c t s ,  The desc . r ib ing 
mathemat ica l  model i s  taken  a s :  
i n t e g r a t i o n  of (2-1) and (2-2) g i v e s :  
The i n e ~ g f & ~ f s n  constants are determined by she boundary condltisns, To 
aec&bn% f;r t h e  non-cont~nuum effecrs, s L l p  boundary condi~ions are 
rntrsduced as derived by Kennard [20], F o r  a monatomic gas, flowing within 
F i g u r e  2. Developed Vfscoseal Geometry, 
t w o  p a r a l l e l  b o u n d a r i e s ,  the s l i p  boundary c o n d j t i n n  can b e  w r i t t e n  
i n  t h e  f o l l o w i n g  g e n e r a l  form: 
a u 3 p- aT 
u  I = u  g a s  z=0 w a l l  ' G ~ ( z ) L - = = o  + -  ~ P T ~ X  (-1 I z  = (, + o ( h 2 ) ,  C 2-5 
where u  i s  t h e  v e l o c i t y  i n  t h e  t a n g e n t i a l  x d i r e c t i o n ,  z i s  t h e  d i r e c t i o n  
normal t o  t h e  mot ion,  and G is a  p r o p o r t i o n a l i t y  c o n s t a n t ,  I f  t h e  
t empera tu res  of t h e  s u r f a c e s  a r e  assumed c o n s t a n t  and e q u a l  t o  t h e  g a s  
t empera tu re  t h e n  t h e  s l i p  boundary c o n d i t i o n  reduces  i n  g e n e r a l  form t o  
u  = U a u 
g a s  w a l l  + G = o e  (2-6) 
For t h e  p a r t i c u l a r  geometry under s t u d y ,  t h e  s l i p  boundary c o n d i t i o n s  
a r e  : 
Along t h e  Sands: 
u  I du = u c o s  a + GX L) - r 
2 = 0  dz z = 0  = U1 
Along t h e  groove: 
Across  he lands: 
Across the groove: 
dv 
= - u s i n  a + GA 21z= - v I g ~ = o  = v3 
Using t h e  above boundary condit ions the  following v e l o c i t y  components 
a r e  de temined :  
Along t h e  lands:  
Along the  grooves: 
Across the  lands: 
Across the grooves: 
The s l i p  v e l ~ e i t i e s  a t  t h e  w a l l s  can now b e  determined, and the  fo l l swlng  
v e l o c i t y  d i s t r i b u t i o n  equat ions  obtained:  
1 ap(,2 ,J = - -  -U ecs a 
r 21136 - h r Z )  + (1 + 2 ~ h l h ~ '  
1 ap 2 v  = - -  U s i n  a 
r 21.larl (' - hrz' ( 1  -+ 2Gh/hr' Er 
1 + GA/h, 1 aP 2 GX 
- U s i n  a(1- + 2 G ~ / h  ) - - - -
r 2pan hr hr 
1 3P 2 U s i n  a 
v = -  - ( z  g 2I-i a~ - hgZ) + ( 1  + ZGA/h % g g 
Noting tha t  t h e  a x i a l  v e l o c i t y  components a r e :  
u = u s in  a 
Y 
v = v C 0 6  a 
Y 
t h e  a x i a l  f low r a t e  components Q Er' Q<g' Qnr and Q may b e  determined, ng 
Ihe wfdrh af the  f l o w  path f a r  t h e  land flow csmponenr is (I -y)nD 
and  he pazh width f o r  the  4 groove f l o w  i s  yrU, The r a t i o  of the groove 
width t o  rhe grcove plus Land width is d e f i n e d  as Y. The a x i a l  
component of the 5 coordinate land flow is: 
hr h 
Q5r = (1 -y)nD I U dz = (1 -y)nD I Ur sin a dz . (2-17) =- Y 
0 0 
Substituting Equation (2-11) into Equation (2-17) and integrating gives 
l h r 
QEr 
-)+ ~ c o s  a?-]. - (1 -y)rrD sin a[Tu (z)r hr - - 
r 
In a similar manner: 
11 aP 3 GX 1. 
QEg = ynD sin a[- (-) h (- r;-- - -) 9 U cos a 211 a h  g 6 
The pressure gradients in Equati~ns (2-18) through (2-21) may be replaced 
by the more convenient axial gradients by noting that 
ap ap 
-- ;: -
a5 ay sin a , 
and 
From %he continuity of mass, t h e  f l o w  across the groove in t h e  T) 
d i r e c t i o n  must  e q u a l  t h e  f l o w  across the land  i n  t h i s  d i r e c a n ,  Thus it 
can be shown t h a t  
1 a p  3 GX 1 h [- ( -  h (- - -g-) - U s i n  a ? g  1. 2~ an  g g 
The t o t a l  flow i s  given by: 
Using Equations (2-18) through (2-25), t h e  express ion  f o r  t h e  a x i a l  flow 
where 
t = t an  a 
The Knudsen number f o r  t h e  v i s c o s e a l  i s  def ined  as 
where s e a l  r a d i a l  c learance ,  c, has been s e l e c t e d  as the  c h a r a c t e r i s t i c  
system dimensfon because of the  manner of i t s  appearance i n  Equation 
(2-26) in r e l a t i o n  to the mean free path A ,  
L e t t i n g  
and 
Equat ion (2-26) becomes 
The most u s e f u l  s i t u a t i o n  f o r  t h e  v i s c o s e a l  as a s e a a i n g  d e v i c e  
ap AP 
would b e  t o  have Q e q u a l  t o  ze ro .  Taking Q = 0 and - 7 a Y L ' t h e  
s e a l i n g  c o e f f i c i e n t  i s  d e f i n e d  and e v a l u a t e d  from Equatfon(2-28) a s  
F u r t h e r  c o n s i d e r a t i o n  now needs t o  b e  g i v e n  t o  t h e  s l i p  c o e f f i c i e n t  
c o n s t a n t  of p r o p o r t i o n a l i t y  "G" .  Var ious  i n v e s t i g a t o r s  have developed 
e x p r e s s i o n s  f o r  t h i s  p r o p o r t i o n a l i t y  c o n s t a n t  r ang ing  from 213 [21] 
t o  ( 2  - f ) / f  [20] where f  is t h e  f r a c t i o n  of t h e i r  t a n g e n t i a l  momentum 
which molecules  g i v e  up upon s t r i k i n g  a  s o l i d  boundary.  P u b l i s h e d  
v a l u e s  of f  by Kennard [20] range  from 0.79 f o r  a i r  f lowing  over  f r e s h  
s h e l l a c  t o  1.00 f o r  a i r  o r  C 0 2  over  machined b r a s s .  A v a l u e  of f  e q u a l  
t o  owe is  taken  t o  b e  r e a l i s t i c  f o r  t h e  f low of g a s e s  o v a  machined 
surfaces.  Thus t h e  v a l u e  of the s l i p  c s e f f i c i s n k  G was t a k e n  t o  be  u n i t y .  
Knudsen number as defined in Equation (2-27) i n d i c a t e s  the degree 
sf eareficatfon since it becomes Large as the  mean free path, X, becomes 
l a r g e ,  Laen the Rnudsen v a i ~ e  value becomes small and approaches zero, 
c o r r e s p o n d ~ n g  t o  continuum cond i t i ons ,  t h e n  Equa t ion  (2-29) r educes  
t o  t h e  eontinuurn, no s l i p ,  s o l u c i o n  shown by S t a i r  [16] .  
C o r r e c t i o n  f o r  t h e  P a r t i c l e s  Which Do Not 
Exper ience  S l i p  Boundary C o n d i t i o n s  
I n  t h e  p r e v i o u s  s e c t i o n  where t h e  s l ip -modi f i ed  Reynolds s o l u t i o n  was 
d e r i v e d ,  s l i p  boundary c o n d i t i o n s  were a p p l i e d  t o  account  f a r  t h e  decreased  
i n ~ e r m o l e c u l a r  momentum t r a n s p o r t  a t  t h e  w a l l s .  The a n a l y s i s  a t t r i b u t e d  
a  s l i p  v e l o c i t y  r e l a t i v e  t o  t h e  w a l l s  f o r  a l l  t h e  molecu les  a d j a c e n t  t o  
t h e s e  s u r f a c e s ,  For t h e  c a s e  of s t a t i o n a r y  w a l l s ,  t h i s  i m p l i e s  t h a t  
e v e r y  molecu le ,  on t h e  a v e r a g e ,  w i l l  p o s s e s s  a d d i t i o n a l  f low v e l o c i t y  
due t o  t h e  s l i p  f l o w  c o n t r i b u t i o n o  The preponderance of ev idence  
p r e s e n t e d  by Weber [ 9 J ,  Kennard [20] ,  P r e s e n r  [ 2 l ] ,  and F r y e r  [22] 
i n d i c a t e  ;hat  molecu les  whose l a s t  e o l l i s i o n  was a t  t h e  w a l l  can have no 
s l i p  v e l o c i t y  s i n c e  such  molecules a r e  d i f f u s e l y  r e f P e c t e d  from t h e  w a l l s .  
Thus on ly  chose  molecuLes coming from c o l l i s i o n s  w i t h  o t h e r  mo9ecules 
can  p o s s e s s  a s l i p  v e l o c i t y .  A c o r r e c t i o n  w i l l  now b e  developed t o  
account  f o r  t h o s e  molecu les  which do n o t  e x p e r i e n c e  s l i p  boundary 
c o n d i t f ~ n s  due t o  t h e i r  c o L l i s f o n s  w i t h  t h e  w a l l s .  The c o r r e c t i o n  w i l l  
b e  e s t a b l i s h e d  by d e r e m i n i n g  t h e  r a t i o  of &he moEecuEe-to-molecule 
~ s i % i s z o n s  "6 t he  erotal number of cs1LisSons,  o r  t he  sum of t h e  molecule- 
to-wail p L u s  rhe molecule-co-msiecu~e c o l l i s i o n s ,  Chis r a t i o ,  a,  
represents t h e  f i a c t i s n  of molecules  p r e s e n t  which e x p e r i e n c e  t h e  sizg 
boundkry condlrion, 
The number sf molecules striking the wall p e r  unit kine and u n i t  
area is [2l] 
4 
where 7 is the mean molecular speed. If one considers the unwrapped 
viscoseal geometry of Figure 2, page 10, the seal surface area is 
approximated by 
TD L 2TDL + 2h - - 
cos a (a + b) ' 
where the right hand term is the surface area contributed by the groove 
side walls. Thus the number of molecule-to-wall collisions in unit 
time is 
- 
nv 
-
h 
2 cos &(a + b) 
The total number of molecule-to-molecule collisfons per unit time and 
unit volume is [21] 
The volume of the viseoseal is the volume of the annular space plus the 
volume of the grooves. Thus the total number of molecule-to-molecule 
colSisions per unit time is 
and, due to the small clearance of the normal viscoseal geometry ,  
and 
t h e n  t h e  e x p r e s s i o n  s i m p l i f i e s  t o  
Hence, t h e  p r o p o r t i o n  of t h e  molecu les  which e x p e r i e n c e  s l i p  is  
g E h  f c y 3 ---- b 
c a f b  
I n  t h e  s o l u t i o n  of the s l i p - m o d i f i e d  Reynolds e q u a t i o n ,  ig w i l l  b e  
r e c a l l e d  t h a t  boundary c o n d i t i o n s  were n o t  s p e c i f i e d  on t h e  groove s i d e  
w a l l s .  Thus it i s  more i n  keep ing  w i t h  tkre manner of t h e  a n a l y s i s  t o  o m f ~  
t h e  moEecule-to-wall coLBisions which occur  on t h e s e  s u r f a c e s  and c o n t r i b u t e  
t h e  h / c o s  a(& + b)  term i n  the denominaeor of Equa t ion  (2-31)" With 
t h i s  restriction, t h e  e q u a t i o n  becomes 
I n  t h e  analysas of s l i p  f l o w  s h ~ o u g h  Long t u b e s  by Weber [9], 
F~yeibEZj, and MslLfgdn [ L O ] ,  t h e  r e s u l t i n g  tlsw e q u a t i o n  czn be  
mannpulated Xnro two separate %ernis, One of these  terns  i s  the continuum 
Psfseuille flow term while the  sa6;ond tern i s  the s l i p  f l o w  contribu"&oon 
and r e s u l t s  f m m  a p p P f c a t i ~ q 1  of +he slip boundary condi"c-ons, E q u i v a l e n t  
type terms were obtained by Mi l l igan ,  Cowling, and Wilkerson [21] i n  
the  a n a l y s i s  of r a r e f i e d  flow i n  a  long concen t r i c  annulus.  For both of 
t hese  geometr ies ,  t h e  c o r r e c t i o n  f o r  t h e  p a r t i c l e s  which do not  experience 
s l i p  was made by mul t ip ly ing  t h e  s l i p  flow c o n t r i b u t i o n  by 0 ,  s i n c e  i t  
is  t h i s  uncorrected term which implies  t h a t  a l l  t h e  molecules possess  
t h e  a d d i t i o n a l  s l i p  veloc2ty.  Thus when 0 i s  app l i ed  i n  t h i s  manner t h e  
r e s u l t i n g  s l i p  c o n t r i b u t i o n  term has been co r rec t ed  f o r  t h e  p a r t i c l e s  
which experience w a l l  c o l l i s i o n s  and thus  possess  no s l i p  v e l o c i t y ,  I n  
t h e  a n a l y s i s  of t h e  slip-modified Reynolds s o l u t i o n  f o r  t h e  v i s c o s e a l ,  
the  r e s u l t i n g  express ion  of Equation (2-28) does no t  permit a  s t r a i g h t -  
forward s e p a r a t i o n  i n t o  a  continuum t e r n  p l u s  a  s l i p  term. Hence, t h e  
flow con t r ibu t fon  of t h e  s l i p  boundary cond i t i on  i s  separated i n  t he  
fol lowing manner. The t o t a l  r a r e f i e d  flow of Equation (2-28) can be 
expressed a s  
- 
- Q t o t a l  Qcont ,  'Qraref ied  Qcont . >, 
where Qcont.  i s  t h e  continuum flow only and Qrarefied i s  the  s l ip-rmdif  i e d  
Reynolds s o l u t i o n  flow of Equation (2-281, Thus the  bracketed r i g h t  hand 
term of Equation (2-33) is  t h e  s l i p  flow c o n t r i b u t i o n ,  and t h e  c o r r e c t i o n  
f o r  t h e  p a r t i c l e s  which do not  experience s l i p  may be made a s  
Q c o n t ,  
The continuum flow t e r m ,  Qconc * , i s  o b t a i n e d  by tak ing  the limit of  
Equat ion ( 2 - 2 8 )  as the  Knudsen number approaches  ze ro ,  The r e s u l t i n g  
e x p r e s s i o n  from Equa t ion  (2-28) may be  s i m p l i f i e d  t o  
and i s  i d e n t i c a l  t o  t h a t  p r e s e n t e d  by S t a i r  [16] .  L e t t i n g  
and 
t h e n  Equa t ion  (2-34) may be  w r i t t e n  a s  
Def in ing  
f3(NK) "fi(NK) + C5( l  -01, 
and 
f (N ) of2(NK) + C6 (1 -61, 4 I< 
t h e n  
Ira a s ~ r n i l a r  manner t o  tlra'd of Equation (2-29), t h e  s e a l i n g  
c o e f k r c l e n c  f o r  t h e  s l ip -modi f l ed  Reynolds s o l u t a o n  w i t h  c o r r e c t i o n s  f o r  
p a r t ~ e l e s  which de not  experience s l i p  i s  
Spec i f i c  Molecular Flow Rates 
Quite  o f t e n  i t  i s  more d e s i r a b l e  t o  express  r e s u l t s  i n  t e r n s  of 
molecular flow r a t e s  than i n  terms of volumetr ic  flow r a t e s  a s  given i n  
Equations (2-28) and (2-37). The molecular flow, A, i s  
A = Qn, (2-39) 
where n i s  the  average molecular dens i ty  def ined by t h e  p e r f e c t  gas 
equat ion of s t a t e  
wi th  P being t h e  average s e a l  p re s su re ,  I f  one uses  t h e  Chapman 
r e l a t i o n s h i p  [20] t o  d e s c r i b e  t h e  mean f r e e  pa th  corresponding t o  t h e  
average s e a l  p re s su re ,  then Equation (2-27) can be  w r i t t e n  a s  
With t h e  use  of Equations (2-39), (2-40), and (2-41), t h e  previous 
expressions f o r  volumetr ic  flow r a t e  may be w r i t t e n  i n  terms of t h e  
s p e c f f i c  molecular flow pe r  u n i t  of p re s su re  drop ac ros s  t h e  s e a l ,  
Equation (2-28) f o r  t h e  slip-modified Reynolds s o l u t i o n  wi th  no c o r r e c t i o n  
due t o  p a r t i c l e s  which do not  experience s l i p  is 
where the relatzonship %ha& 
h a s  been w r i t t e n  i n  terms of t h e  p r e s s u r e  r a t i o ,  r a c r o s s  t h e  s e a l  i n  
P ' 
t h e  r i g h t  hand term. S i m i l a r l y ,  t h e  s p e c i f i c  l e a k a g e  f low rate w i t h  t h e  
c o r r e c t i o n  f o r  t h e  p a r t i c l e s  t h a t  do n o t  e x p e r i e n c e  s l i p  i s  
It shou ld  b e  no ted  t h a t  f o r  a f i x e d  s e a l  geometry and a g i v e n  g a s  
a t  a s p e c i f i e d  t empera tu re ,  t h e  s p e c i f i c  molecu la r  f l o w  r a t e s  of 
Equa t ions  (2-42)  and (2-44) a r e  f u n c t i o n s  on ly  of Knudsen number, t h e  
speed U ,  and t h e  v i s c o s e a l  p r e s s u r e  r a t i o ,  r . A s  t h e  p r e s s u r e  r a t i o  
P  
becomes h i g h ,  t h e n  ( r  -4- 1 )  /(rp - 1 )  approaches  u n i t y  and t h e  s p e c i f i c  
P 
f low rate is a f u n c t i o n  of t h e  speed and t h e  Knudsen number o n l y ,  
Se l f -Di f fus ion  
The rerm d i f f u s i o n ,  as used h e r e ,  r e f e r s  ~o t h e  malecu%ar t r a n s f e r  
which o c c u r s  due t o  a concentration g r a d a e n t .  I f  t h e  g a s  f a  a  p u r e  
unmixed gas ,  t h e n  t h e  d i f f u s i o n  i s  one of s e l f - d i f f u s i o n ,  I n  t h e i r  work 
concern ing  low d e n s i t y  f l o w  of g a s e s  in a e a p i l l a r ' y ,  P o l l a r d  and 
Presene [ ~ 3 ]  sugges ted  t h a ~  at %ow p r e s s u r e s  t h e  t o t a l  transport can be  
descr ibed  by t h e  superposzcion of the d i f f u s a v e  t r a n s p o r t  and a drift 
c~mponent, I n  hns  s t u d y  of flow c h r ~ u g h  long t u b e s ,  Webes [ 9 ]  a p p l i e d  
t h e  i d e a  of t h e  s u p e r g o s i t ~ o n  of a d i f f u s i v e  component, a  s l i p  e o a t r i b u t a o n ,  
and t h e  v i s c o u s  componenr. Weber demonstra ted t h a t  h i s  s o l u t i o n  h a s  t h e  
c o r r e c t  l i m i t i n g  v a l u e s  f o r  continuum and f r e e  molecule  f lows  and a d e q u a t e l y  
d e s c r i b e s  ~ n u d s e n ' s  d a t a  f o r  l o n g  t u b e s  [ 2 4 ] .  M i l l i g a n  e x p e r i m e n t a l l y  
v e r i f i e d ,  w i t h  e x c e l l e n t  agreement,  t h e  a n a l y s i s  t echn ique  of Weber f o r  
r a r e f i e d  f l o w  i n  long t u b e s  [ l o ] .  Lund and Berman [ 2 5 ]  developed 
e m p i r i c a l  r e l a t i o n s  f o r  t h e  f low and s e l f - d i f f u s i o n  of g a s e s  i n  b o t h  
long and s h o r t  c a p i l l a r i e s  by t h e  s u p e r p o s i t i o n  of t h e  d i f f u s i v e  and 
d r i f t  components, They developed a n  a l g e b r a i c  e x p r e s s i o n  which p e r m i t s  
t h e  d i r e c t  computat ion of t h e  Weber d i f f u s i o n  c o e f f i c i e n t  a t  any p r e s s u r e  
and t h u s  avoided t h e  numerical  i n t e g r a t i o n  i n h e r e n t  i n  t h e  P o l l a r d  and 
P r e s e n t  t r e a t m e n t  of s e l f - d i f f u s i o n .  Lund and Berman demonstra ted t h e  
adequacy of t h e i r  model f o r  d e s c r i b i n g  s e l f - d i f f u s i o n  and i f low i n  
c a p i l l a r i e s  i n  a d d i t i o n  t o  t h e  f l o w  between f l a t  p l a t e s .  M i l l i g a n ,  
I Cowling, and Wilkerson [12,  13 ,  and 141 extended t h e  s l ~ p e r p o s i t i o n  a n a l y s i s  
t e c h n i q u e  of Weber t o  long a n n u l i  w i t h  c o n t i n u i n g  s u c c ~ s s .  
i I n  t h i s  s e c t i o n ,  t h e  s e l f  d i f f u s i o n  f low i n  b o t h r t h e  grooves  and 
a n n u l a r  space  of t h e  v i s c o s e a l  w i l l  b e  d i s c u s s e d  and e v a l u a t e d  s e p a r a t e l y  
u s i n g  t h e  P o l l a r d  and P r e s e n t  t r e a t m e n t  a s  a p p l i e d  by Weber. 
Annular Space S e l f - D i f f u s i o n  
The s e l f - d i f f u s i o n  f low i n  t h e  c l e a r a n c e  space  of t h e  r a r e f i e d - g a s  
v i s c o s e a l  was o b t a i n e d  by c o n s i d e r i n g  t h i s  f low t o  be t h a t  of a  c o n c e n t r i c  
annu lus ,  The molecu la r  t r a n s f e r  w a s  determined by e v a l u a t i n g  t h e  ne t  
aamber of molecules c ros s ing  a plane normal to t h e  annu$us ,  The 
e v a l u a t i o n  w a s  done by c o n s i d e r i n g  s e p a r a t e l y  t h e  moPecules which 
come from che outer and the inner walls w i t h  the grooved inner  w a l l  taken 
as b e i n g  smooth and of d iamete r  D a s  shown i n  F i g u r e  l ,  page 3 ,  The 
d e t a i l s  of t h i s  d e r i v a t i o n  a r e  p r e s e n t e d  i n  Refe rence  [ l 2 ]  and t h e  
p r o c e d u r e  used was e s s e n t i a l l y  t h a t  g i v e n  by Weber €93 and i s  s i m i l a r  t o  
t h a t  p r e s e n t e d  i n  Appendix A  f o r  t h e  s e l f - d i f f u s i o n  i n  t h e  g rooves ,  The 
f o l l o w i n g  e q u a t i o n s  were n u m e r i c a l l y  i n t e g r a t e d  t o  o b t a i n  t h e  d i f f u s i o n  
c o n t r i b u t i o n  i n  t h e  a n n u l a r  space :  
w a l l  Rl 0 0 
2  
s i n  8 c o s  Q ( 1  - dR1 da dB 
I.. -... 
n e t  i n n e r  dy ' - z  - L /  
w a l l  Rl 
s i n  (3' c o s 2  8' ( 1  - e-RINK) dR1 d b  dB1.  
The t o t a l  s e l f - d i f f u s i o n  f low i n  t h e  a n n u l a r  s p a c e  i s  t h e  sum of 
Equa t ions  (2-45 and 2-46)  and may be  a r ranged  i n t o  s p e c i f i c  molecu la r  
f low r a t e  form u s i n g  
dn d  P  1 dP 't 1 AP 
- = - ( - ) ; = - -  nu-- 
dy dy KT KT dy KT L 
and 
t s  o b t a i n  
where SUM (0, W, ) and SUM (I, W, ) designaces t h e  numerical i n t e g r a t i o n  
of t h e  i n t e g r a l s  of Equat ions  (2-45 and 2-46),  r e s p e c t i v e l y ,  
Groove Self-Diffusion 
The s e l f  d i f f u s i o n  flow i n  the  grooves of t h e  s h a f t  was obtained 
i n  a s i m i l a r  manner t o  t h a t  of the  d i f f u s i v e  flow i n  t h e  annular  space. 
The flow i n  t h e  groove was determined by cons ider ing  t h i s  t r anspor t  t o  b e  
t h a t  of a long groove of r ec t angu la r  c r o s s  s ec t ion .  This  neg lec t s  any 
curva ture  e f f e c t s  of t h e  h e l i c a l  groove and becomes increas ingly  i n  e r r o r  
a s  t h e  groove dimensions become of t h e  order  of magnitude of t h e  s e a l  
diameter .  The development work of t h e  numerical scheme i s  t h a t  p r imar i ly  
of Cowling and Swicegood [33] and i s  contained i n  Appendix A f o r  the  
r e a d e r ' s  convenience. 
A s  shown i n  Appendix A, t he  groove d i f f u s i o n  flow involves t he  
numerical s o l u t i o n  of t h e  fol lowing type of equat ion:  
where 
i s  t h e  Knudsen number of t h e  groove flow wi th  t h e  groove width, b ' ,  
being taken a s  t he  c h a r a c t e r i s t i c  dimension. Again 
where R is now the groove Length, The relarion between the l e n g t h  of 
m e  groove and t h e  axis1 sea l  l e n g t h  is  
1 TD R = - ------ L L =-  
cos a ( a  + b )  s i n  a ' 
where NS i s  t h e  number of grooves .  F a r  a m u l t i p l e  grooved s h a f t  t h e  
t o t a l  groove d i f f u s i o n  f low is NS t i m e s  t h e  f l o w  of a  s i n g l e  groove.  
Thus t h e  t o t a l  s p e c i f i c  molecular  f l o w  due t o  t h e  d i f f u s i o n  i s  
i NS s i n  a 
E = -  1 / 2 ~ ~ ~ ~  ( ~ a l l s ) ,~ T L  (a' ( 2 - 4 9 )  
where SUM (Walls)  d e s i g n a t e s  t h e  numer ica l  i n t e g r a t i o n  of t h e  i n t e g r a l  
terns of Equa t ion  (2-48) t o  i n c l u d e  t h e  t o t a l  w a l l s  of t h e  g rooves ,  
r e f e r e n c e  Appendix A ,  Equat ion (A-15). 
The t o t a l  s p e c i f i c  molecular  f l o w  f o r  t h e  c o m p ~ s i t e  s o l u t i o n  i s  
o b t a i n e d  by add ing  t h e  coneinuum s o l u t i o n  p l u s  t h e  s l i p  f low 
c o n t x f b u t i o n  a f t e r  c o r r e c t i o n  f o r  t h e  molecu les  which do n o t  e x p e r i e n c e  
s l i p  p l u s  t h e  s e l f - d i f f u s i o n  f lows i n  t h e  a n n u l a r  s p a s e  and t h e  g rooves ,  
Thus 
rS 
 composite - Eq, (2-44) C E q ,  (2-47) C Eq, (2-49) , (2-50) 
I t  shou ld  b e  no ted  i n  summating t h e  f lows  t h a t  t h e  c o n t r i b u t i o n s  of each 
e q u a t i o n  muse be e v a l u a t e d  a t  t h e  same p h y s i c a l  gaseous s t a t e .  I n  t h e  
d e v e l ~ p m e n t  s f  t h e  groove s e l f - d x f f u s f o n  t h e  Knudsen number, N was 
Kg 
based on che groove w i d t h ,  b i ,  r a t h e r  than t h e  s e a l  radial clearance, 
s o  Thus the corhesponding value of groove Knudsen number for a given 
c l e s r o n ~ e  Knudsen nurnts;~ is 
CHAPTER I11 
EXPERIMENTAL INVESTIGATION 
The purpose  of t h e  e x p e r i m e n t a l  i n v e s t i g a t i o n  was t o  o b t a i n  r e l i a b l e  
performance d a t a  of a  r a r e f i e d - g a s  v i s c o s e a l  and t h e r e b y  permi t  a n  
e v a l u a t i o n  of t h e  t h e o r e t i c a l  models,  The i n v e s t i g a t i o n  was conducted 
on a  m u l t i p l e  grooved two-inch d iamete r  v i s c o s e a l  over  a wide r a n g e  of 
s h a f t  speeds  and g a s  d e n s i t i e s .  Data were  o b t a i n e d  f o r  b o t h  s e a l i n g  
c o e f f i c i e n t  performance (no l eakage)  a s  w e l l  as w i t h  n e t  l e a k a g e  f low,  
A l l  r a r e f i e d  d a t a  were  o b t a i n e d  u s i n g  a rgon  as t h e  s e a l i n g  f l u i d .  
V i s e o s e a l  T e s t  S e c t i o n  
The exper imenta l  a p p a r a t u s  was des igned  t o  i n v e s t i g a t e  v f s c o s e a l  
performance i n  t h e  g a s  f l o w  regime between continuum and f r e e  molecule  
f low,  
The v i s c o s e a l  t e s c  s e c t i o n ,  F igure  5, c o n s i s t s  of an  o u t e r  housing 
wieh i t s  a s s o c i a t e d  vacuum pumping system sur rounding  a  r o t a t i n g  grooved 
s h a f t ,  The s h a f t  i s  a  hol low e igh t - inch  c a n t i l e v e r  e x t e n s i o n  of a h i g h  
speed s p i n d l e  s h a f t  which i s  b e l t - d r i v e n  through a n  i n ~ e r m e d i a t e  s p i n d l e  
by a d i r e c t  c u r r e n t  motor ,  The d r i v e  sys tem f s  c a p a b l e  of s e a l  s h a f t  
speeds  from zero  &o 35,000 rpm, The speed c o n t r o l  f o r  t h e  motor is 
s e l f - r e g u l a t i n g  and m a i n t a i n s  a selec~ed speed w i t h i n  -1- 0,1 p e r c e n t .  
S i n c e  t h e  e n t i c e  t e s s  s e c t i o n  o p e r a t e s  under  vacuum, a rubb ing  c o n t a c t  
g r a p h ~ r e  r:ng sea l  zs prs-aided where the  rotating shafr penecxates the 
heusang ,  T h e  r i n g  seal is a serles B-LOSOJL, Type E ,  manufactured by 

@he Cleveland Grckphite Brorize D iv i s ion  of the G1evF-i~ Csrporacion,  
Cooling waeer and a & r  a r e  s u p p l i e d  a t  t h e  r i n g  s e a l  knd of t h e  s p i n d l e  
t o  minimize thermal  growth due  t o  t h e  rubbing seal f r i ~ r i o n  under 
dynamic c o n d i t i o n s ,  A C o n f l a t  vacuum f l a n g e  is  provided between the 
hous ing  and i t s  s u p p o r t  f o r  purposes  of s e a l i n g  and t o  p r o v i d e  minor 
ad jus tment  c a p a b i l i t i e s  f o r  hous ing-shaf t  a l ignment ,  Other  vacuum s e a l s  
a r e  o b t a i n e d  by t h e  u s e  of "0" r i n g s  i n  a d d i t i o n  t o  vacuum s e a l a n t s  f o r  
th readed  connec t ions .  The main tenance  of a h i g h  q u a l i t y  vacuum system 
w i t h  e s s e n t i a l l y  no a tmospher ic  l e a k a g e ,  excep t  a t  t h e  s h a f t  s e a l ,  was 
a s s u r e d  by t h e  f r e q u e n t  u s e  of a hel ium l e a k  d e t e e t o r  throughout  t h e  
e x p e r i m e n t a l  program, 
A 1 1  exper imenta l  d a t a  were  o b t a i n e d  f o r  a s i n g l e  v f s c o s e a l  geometry 
c o n s i s t i n g  of a grooved s h a f t  i n s i d e  a smooth hous ing ,  Pertinent 
s p e c i f i c a t i o n s  of ehe r a r e f i e d  v i s c o s e a l  Number l a r e  con ta ined  i n  
T a b l e  1, 
A schemat ic  diagram of t h e  o v e r a l l  exper imenta l  test a p p a r a t u s  
xs shown i n  F i g u r e  4 ,  page 32 ,  
Vacuum Pumping System 
It was necessa ry  t o  develop a vacuum pumping system c a p a b l e  of 
p r o v i d i n g  t h e  d e s i r e d  low p r e s s u r e s  and gas  f low r a t e s ,  Th i s  t a s k  was 
azcomplished by connec t ing  kws independent  vacuum pumping sys tems  i n  
g a r a l i e i  to a common r e s e r v o i r ,  F igu re  4 ,  One of t h e s e  p a p i n g  systems 
c s n s l s ~ e d  of a sli_ngle stage rotary oil-seased rne~ars iea1 pump mared 
~ s t h  a rhree-stage hrgh vdcuum o i l  digfusion pump, Thxs  part of t h e  
pwnpnng sysLem was cannested co che r e s e z ~ o f r  w i t h  a Large diameter 
TABLE 1 
DIMENSIONAL SPECIFICATIONS OF RAREFIED VISCOSEAL NO. 1 
Parameter Value 
Housing diameter = 2.0088 - + 0.0003 i n .  
Shaf t  diameter ,  D " 2.0005 - f 0,0001 i n ,  (cold)  
- 
Radial  mean c learance ,  c = 0.00418 - + 0.0002 i n .  (cold)  
Sea l  a x i a l  l eng th ,  L = 4.530 - + 0.005 i n .  
Number of groove s t a r t s ,  NS = 16 
Groove a x i a l  wid th ,  b = 0.03111 - + 0,0003 i n .  
Land a x i a l  width,  a = 0,03235 - 9 0.0003 i n .  
Groove depth,  h 
Groove h e l i x  ang le  
y = b / ( a  f b) 
8 = (h -f- c j l c  
- 0.03065 - + 0.0003 i n .  
= 9.30' 
= 0,4902 
= 8.333 (co ld)  
Aspect r a t i o ,  b cos a / h  = 1,0017 

open--or-close vacuum v a l v e .  The second pumping sys tem was composed of 
a n o t h e r  s i n g l e  s t a g e  r o t a r y  o i l - s e a l e d  mechanical  pump mated w i t h  a 
p o s i t i v e  displacement  r o o t s  blower t y p e  vacuum pump. Th is  p o r t i o n  of 
t h e  pumping system was connected t o  t h e  r e s e r v o i r  through a  t h r o t t l a b l e  
h i g h  vacuum v a l v e .  Through m a n i p u l a t i o n  of t h e  two connec t ing  v a l v e s  
i t  was p o s s i b l e  t o  r e g u l a t e  t h e  pumping speed over  a  s u i t a b l e  range  of 
downstream test s e c t i o n  p r e s s u r e s ,  The complete vacuum pumpfng system 
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was c a p a b l e  of a t t a i n i n g  p r e s s u r e s  t o  1 0  m i l l i m e t e r s  of mercury w i t h  a 
blanked-of f  system. 
I n s t r u m e n t a t i o n  
The r a d i a l  a l ignment  of t h e  s h a f t  w i t h l n  t h e  housing was determined 
by t h e  u s e  of f i v e  p rox imi ty  d e t e c t o r s  manufactured by t h e  Bent ley-  
Nevada Corpora t ion .  These p robes  were l o c a t e d  n e a r  e i t h e r  end of t h e  
v i s c o s e a l  s e c t i o n ,  When viewed from t h e  s h a f t  d r i v e  end of t h e  t e s t  
s e c t i o n ,  t h e  probes  of t h e  f i r s t  s e t  were l o c a t e d  a t  1 2 ,  3, and 6 o ' c l o c k  
p o s i t i o n s ,  and t h e  p robes  of t h e  second set were l o c a t e d  a t  1 2  and 3 o ' c l o c k  
p o s i t i o n s .  The arrangement o f  t h e  p robes  p e r m i t t e d  t h e  s h a f t  t o  be  
a l i g n e d  w i t h i n  t h e  housing t o  a v a l u e  of e c c e n t r i c i t y  r a t i o ( s h a f t  
c e n t e r l i n e  dev ia t ion lmean  r a d i a l  c l e a r a n c e )  on t h e  o r d e r  of 0.05. The 
probes  were a l s o  used t o  o b t a i n  dynamic measurements o f  t h e  thermal  
growth of t h e  s h a f t  caused by t h e  g r a p h i t e  r i n g  s e a l  f r i c t i o n  when t h e  
s h a f t  was r o t a t i n g .  The o u t p u t  g a i n s  of che d e t e c t o r  a m p l i f i e r s  were 
lndividuaELy adjusted and calibrated t~ ensure a l i n ea r  o u t p u t  voltage 
of t h e  probes versus the clearance gag over  the necessary range. 
Pressuae  measusements upst ream and downstream of the  alscsseal 
were obtained us ing  bofh  McLeod gauges and an a b s o l u t e  anero id  type  
gauge, The McLeod gauge is  normally considered t o  be a primary 
s tandard  [ 2 6 ] ,  b u t  a f t e r  previous a t tempts  [ 2 7 ]  t o  u se  thermocouple 
gauges and cold cathode gauges, i t  was apparen t  t h a t  McLeod gauges 
were t h e  only ins t ruments  capable  s f  g iv ing  t h e  d e s i r e d  accuracy and 
r e p r o d u c i b i l i t y .  The McLeod gauges u t i l i z e d  were t h e  GM-100A gauge 
manufactured by t h e  Consol idated Vacuum Corporatfon and a r e  descr ibed  
i n  d e t a i l  i n  Reference [ 2 4 ] .  
Temperature measurements of t h e  argon e n t e r i n g  t h e  h igh  p re s su re  end 
s f  t h e  v i s c o s e a l  t e s t  s e c t i o n  were made e a r l y  i n  t h e  experimental  
program us ing  a thermocouple. A eornparison of t h e  measured gas femperature  
w i rh  t h e  ambient (room) temperature  revea led  t h a t  t h e  e r r o r  involved i n  
us ing  raom temperaeure i n s r ead  of t h e  a c t u a l  ga s  temperacure was less 
than  one percent .  Therefore  t h e  gas  temperature was caken "c be  297'K 
i n  a l l  d a t a  r a l c u l a t i s n s ,  
Speed measurements of t h e  v i s c o s e a l  s h a f t  were made us ing  a magnetic 
pickup I s ea t ed  near  t h e  attachment nut  f o r  t h e  d r i v e  b e l e  pu l l ey  on t h e  
h igh  speed s p i n d l e ,  The pu l se s  from ~ h e  pickup were r e g i s t e r e d  us ing  
an e l e c t r o n i c  counter  $0 o b t a i n  s h a f t  rpm, The speed measurements were 
independent ly  v e r i f i e d  us ing  a c a l i b r a t e d  hand he ld  tachometer i n  t h e  
LOW rpm range and a ca l ib ra ted  serobotae over t h e  e n t i r e  speed range of 
0 ro 35,000 rpm, 
The rnole.r,ciar flow r a t e  through t h e  vfscoseal  tes t  sect ion was 
determined usxng a 3 i ~ r i a t x c n  of 6 r s n s t a n t  pxessure  method developed 
by J, R, Downing [ 2 6 ]  f o ~  tihe measurement of pumping speeds ~f -iacuum 
pumps, The rechnique c o n s i s t s  of  a p p l i c a t i o n  of t h e  perfect  gas equat fsn  
of s r a t e  t o  known gas volumes a t  two d i f f e r e n t  t ime pe r iods"  Hn b r i e f ,  
t he  f low measurement is  obta ined  by a d j u s t i n g  t h e  indexed va lve  of 
F igure  4 ,  page 32,  t o  a  d e s i r e d  s e t t i n g  and wa i t i ng  f o r  s teady  s t a t e  t o  
be achieved f n  t h e  test s e c t i o n  a s  indicates by p re s su re  and proximity 
probe measurements, The shut-off va lve  l ead ing  from t h e  cons t an t  
p r e s su re  gas  r e s e r v o i r  i s  then c losed  and t h e  r a c e  of rise s f  manometer 
f l u i d  i n  t h e  r i g h t  hand s i d e  of t h e  manometer is observed. With knowledge 
sf t h e  manometer c r o s s  s e c t i o n a l  a r e a ,  t h e  r a t e  of f l u i d  rise, t h e  v a l u e  
of t h e  c a l i b r a t e d  volume, t h e  i n i t i a l  and f i n a l  p r e s su re s  i n  t h e  
c a l i b r a t e d  volume, and t h e  gas temperatuEe, t h e  molecular  flow r a t e  i s  
calculated i n  t h e  fol lowing manner: 
Consider t h e  flow measurement diagram of F igure  5, Let 
V o  = c a l i b r a t e d  volume inc luding  tank  and manometer down t o  
t h e  zero d e f l e c t i o n  l i n e ,  "0" 
P = atmospheric  p re s su re  
o 
Hl = i n i t i a l  manometer d e f l e c t i o n  
H2 = f i n a l  manomerer d e f l e c t i o n  
Am = c r o s s  s e c t i o n  a r e &  of manometer tube  
W = s p e c i f i c  weight of manometer f l u i d  
Prom f l u i d  s t a t i c s :  
P1 = P + 2Wx1 
0 
P, - Po - 2W2" 
L 
The cc r r e s p o n d l n g  volumes a re :  
VL = vo -i- H-A i. m 
- Vo - "zAm" 
Argon 
Indexed throttling 
atmosphere 
of vfscoseal test section 
0 0 - zero deflection line 
Figure 5, Plow Measurement Schematic Diagram, 
Applying the perfect gas equation of s t a t e ,  
PV = NKT, (3-1) 
on a molecular basis to determine the number of molecules within the 
system at time (1) and time (2), then, 
Assuming isothermal conditions and substituting for the pressures and 
volumes, Equation (3-2) simplifies to, 
The flow measurement system was operated experimentally such that 
Letting 
and At be the time period for the total deflection H, then the molecular 
flow rate is 
In the experimental fabrication of the flow measurement system, 
a small, inches of water range, differential pressure gauge was unfortunately 
connected zo the system within the elements of the calibrated volume. 
It was initially felt that the change in volume of the gauge bellows 
with changes in pressure was neglfgible in comparison to that of the 
masaonserer f % u a d ,  and all experimental daea were obtained in t h i s  
conf~guzztfon, Subsequent investigations regealed that it was necessary 
to accaunt f o r  the change in volume of rhe pressure gauge as a function 
o f  the  measurement system p r e s s u r e ,  L e t t i n g  f(M) equa l  the volume 
change of t h e  p r e s s u r e  gauge as a  f u n c t i o n  of t h e  manometer head t r a v e l  
H,  t h e n  Equa t ion  (3-4) i s  c o r r e c t l y  w r i t t e n  a s  
The volume r e l a t i o n s h i p  between t h e  p r e s s u r e  gauge expansion and 
c o n t r a c t i o n  was c a r e f u l l y  measured e x p e r i m e n t a l l y  t o  de te rmine  f ( H ) .  
The folLowing v a l u e s  were  determined f o r  t h e  c o n s t a n t s  of 
Equa t ion  (3-5) : 
The b a s i c  p remise  f o r  t h e  measurement sys tem r e s c s  i n  t h e  f a c t  t h a t  
w h i l e  t h e  p r e s s u r e  i n  t h e  c a l i b r a t e d  volume does  change s l i g h t l y ,  Less 
t h a n  - C 1%, i t  s t i l l  remains  v e r y  c l o s e  t o  a tmospher ic  p r e s s u r e .  Thus,  
t h e  change i n  f l o w  r a t e  through t h e  v a l v e  is n e g l i g i b l y  a f f e c t e d  by 
t h e  s l i g h t  d e c r e a s e  i n  t h e  pressuEe w i t h i n  t h e  c a l i b r a t e d  volume d u r i n g  
t h e  c o u r s e  of a measurement. 
Exper imental  P rocedure  
Exper imental  d a t a  s f  two d i f f e r e n t  t y p e s  were ob ta ined  f o r  t h e  
operacfcn  s f  t h e  viseoseal En the  r a r e f i e d  regime,  These may be  d e s c r i b e d  
as n e t  f l o w  l eakage  data  and s e a l i n g  c o e f f i c i e n t  data, The o p e r a t i o n a l  
p rqcedure  u t i l a ~ s d  i n  gathering the data differed only in respec% t o  
=hr_a.f;~fng of f  chc atgoal gas  upp ply when obtaining s e a l i n g  c se f f i c f en r ,  da tz ,  
ALP d a ~ a  were acquired by %he c o o r d i n a t e d  adjustment o f  che gas 
supp ly  r a t e ,  t h e  vacuum pumping speed ,  and the  sea9 s h a f t  d r i v e  speed 
foElowed by a t ime  s t a b i l i z a t i o n  p e r i o d .  Following achievement of 
s t e a d y  s t a t e ,  f i n a l  r e a d i n g s  of t h e  g a s  f low r a t e ,  p r e s s u r e s  ups t ream 
and d ~ w n s t r e a m  of t h e  v i s c o s e a l ,  and t h e  p rox imi ty  p robes  were made. 
The p rox imi ty  probes  were  used t o  r e c o r d  t h e  s e a l  c l e a r a n e e  which 
d e c r e a s e s  sZfghtLy w i t h  i n c r e a s i n g  s h a f t  speed due t o  t h e  f r i c t i o n  of 
t h e  g r a p h i t e  r i n g  vacuum s e a l .  
Data  U t i l i z a t i o n  
The v i s c o s e a l  performance d a t a  f o r  b o t h  t h e  n e t  f low l e a k a g e  tests 
and t h e  s e a l i n g  c o e f f i c i e n t  t e s t s  were  c o r r e l a t e d  v e r s u s  a n  i n d e x  of 
t h e  f l o w  r a r e f i c a t i o n ,  Knudsen number. A s  exp la ined  i n  Chapter  TI, 
- 
t h e  mean r a d i a l  c l e a r a n c e ,  c ,  was s e l e c t e d  a s  t h e  v i s c o s e a l  
c h a r a c t e r i s t i c  dimension,  Thus u s i n g  t h e  Chapman r e l a t i o n s h i p  f o r  t h e  
mean f r e e  p a t h ,  t h e  e x p e r i m e n t a l  v a l u e s  f o r  Knudsen number were determined 
u s i n g  Equa t ion  (2-41) which is  r e p e a t e d  h e r e  f o r  c l a r i t y ,  
The mean f r e e  p a t h  was based on t h e  average  seal s e c t i o n  p r e s s u r e  
The molecular flow i a t e s  f o r  the net flew leakage data were ~ a l c u l a ~ e d  
bslng E q u a ~ ~ o n  (3-51, These data were revssad to specific mslecuiar  
rlow r s t e s  by d i v i d i n g  by t h e  p re s su re  d rop ,  AP, across t h e  v i s c o s e a l ,  or 
The s e a l i n g  c o e f f i c i e n t  d a t a  were c a l c u l a t e d  from t h e  z e r o  n e t  
l e a k a g e  t e s t s  u s i n g  
I n v e s t i g a t i o n s  Conducted 
As p r e v i o u s l y  s t a t e d ,  two types  s f  d i f f e r e n t  b u t  r e l a t e d  d a t a  were 
o b t a i n e d .  These were  s e a l i n g  c o e f f i c i e n t  performance d a t a  where t h e r e  
was no n e t  mass t r a n s p o r t  a c r o s s  t h e  v i s c o s e a l  and n e t  l eakage  performance 
d a t a  where l eakage  f low does  occur .  N e t  l e a k a g e  d a t a  were  o b t a i n e d  
o v e r  t h e  maximum p o s s i b l e  r a n g e  of r a r e f l c a t i o n  f o r  s h a f t  speeds  of z e r o ,  
5,000, 10,000, and 30,000 rpm. Corresponding r a r e f i e d  s e a l i n g  c o e f f i c i e n t  
d a t a  were  a l s o  o b t a i n e d  o v e r  t h e  maximum range  of r a r e f i c a t i o n  a t  t h e s e  
same s h a f t  speeds ,  These d a t a  a r e  presented and d i s c u s s e d  i n  Chapter IV 
and a r e  t a b u l a t e d  i n  Appendix E, 
I n  a d d i t i o n  t o  t h e  r a r e f i e d  i n v e s t i g a t i o n s ,  a s u p p o r t i n g  continuum 
s e a l i n g  c o e f f i c i e n t  i n v e s t i g a t i o n  was conducted a t  acmssgher ic  c ~ n d i t i o n s  
u s i n g  a i r  a s  t h e  s e a l a n t  f l u i d ,  Th i s  continuum i n v e s t i g a t i o n  i s  summarlzed 
i n  Appendix C, 
Exper imental  U n c e r t a i n t y  
A decai.9ed analysis was performed to estimate the propagated 
unceirarnry ;n  he f m a i  p e r f o r m a n c e  parame te r s  based on  he individual 
uncezgaintfes of a % b  measured varEabLes, The analys is  was performed 
u s i n g  s t a n d a r d  s t a r i s t i c a l  t e c h n i q u e s  a f t e r  p o s t u l a t i n g  a normal d i s t r i b u t i o n  
i n  t h e  u n e e r t a i n t y  of each v a r i a b l e ,  T h i s  method of  a n a l y s i s  assumes a l l  
e r r o r s  are random i n  n a t u r e .  Cons iderab le  e f f o r t  was expended t o  minimize 
any e r r o r  of a s y s t e m a t i c  n a t u r e ,  
The p ropaga ted  u n c e r t a i n t i e s ,  i n  g e n e r a l ,  a r e  n o t  c o n s t a n t  and v a r y  
w i t h  t h e  d e g r e e  of r a r e f i c a t i o n .  The u n c e r t a i n t y  i n  t h e  s p e c i f i e  
molecu la r  f low r a t e ,  $/AP, of Equa t ion  ( 3 -7 )  i s  - + 5 .1  p e r c e n t  a t  a n  
I n v e r s e  Knudsen Number of 24  where t h e  c a l i b r a t e d  vofume, V 
0 ' 
c o n t r i b u t i o n  i s  84 p e r c e n t  of t h e  t o t a l ,  The u n c e r t a i n t y  i n  t h e  s p e c i f i c  
moLecular f low r a t e  i n c r e a s e s  t o  $. 8,9 p e r c e n t  a t  an  I n v e r s e  Knudsen 
Number of 0.50 where t h e  u n c e r t a i n t y  i n  t h e  d i f f e r e n t i a l  p r e s s u r e ,  BP, 
c o n t r i b u t e s  7 2  p e r c e n t  of t h e  t o t a l .  The a b i l i t y  t o  de te rmine  t h e  
i n v e r s e  Knudsen Number of Equa t ion  (2-41)  i s  e s t i m a t e d  a t  - + 4 .8  p e r c e n t  
f a r  L / N  e q u a l  t o  24  and i n c r e a s e s  t o  f 5.7 p e r c e n t  f o r  l / N  e q u a l  t o  K - K 
0,50, The propaga ted  u n e e r t a i n t y  e s t i m a t e  i n  the s e a l i n g  coefficient, 
A, of Equa t ion  ( 3 -8 )  is  i n s e n s i t i v e  t o  t h e  d e g r e e  of r a r e f i c a t i s n  and 
remains  a t  e s s e n t i a l P y  - k 9.,6 p e r c e n t .  The uncer ta inLy  i n  t h e  r a d i a l  
c l e a r a n c e ,  c ,  c o n t r i b u t e s  approximately  99 p e r c e n t  of t h e  propagated 
u n c e r t a i n t y  es t5mate  f o r  A. It shou ld  b e  no ted  t h a t  t h e  c l e a r a n c e  
u n c e r t a i n t y  i s  c o n t r o l l e d  by t h e  a b f l i c y  t o  e s e a b l i s h  t h e  d i a m e t e r s  of 
the sea l  s h a f s  and housing and n o t  by any l i m i t a t i o n s  of t h e  p rox imi ty  
p robe  system, 
The uncertainty o i  t h e  cLearance  Reynolds n u d e r  of Equation (C--1) 
,a Apgeauzs  C has  bean esLfma~ed at 2 4 , 9  percent  where the radial 
c iea ranre  con t r ibu te s  approx imate ly  94  percenr of she &otaL,  
A l l  uncertainties are stated t o  a confidence l e v e l  of 95 
percent.  
RESULTS AND CONCLUSIONS 
A s  s t a t e d  i n  Chapter  I, t h i s  s t u d y  of t h e  r a r e f i e d - g a s  v i s c o s e a l  
was i n i t i a t e d  t o  expand t h e  b a s i c  u n d e r s t a n d i n g  of i t s  o p e r a t i o n  under 
low d e n s i t y  c o n d i t i o n s ,  A combined a n a l y t i ~ a l  and experimengal i n v e s t f -  
g a t i o n  was s e l e c t e d  as t h e  approach t o  t h e  problem s o l u t i o n ,  The r e l a t i o n -  
s h i p  between t h e s e  two phases  of t h e  r e s e a r c h  program and t h e  r e s u l t s  and 
and c o n c l u s i o n s  of t h i s  s t u d y  a r e  d i s c u s s e d  i n  t h i s  Chap te r ,  
N e t  Leakage I n v e s t i g a t i o n  
A n e t  l e a k a g e  f l o w  c o n d i t i o n  from t h e  h i g h  p r e s s u r e  end t o  t h e  low 
p r e s s u r e  end e x i s t s  i n  t h e  v i s c o s e a l  when t h e  v i s c o u s  pumping a c t i o n  i s  
i n s u f f i c i e n t  t o  overcome t h e  p r e s s u r e  induced and d i f f u s i v e  f lows  i n  t h e  
grooves  and th rough  t h e  a n n u l a r  c l e a r a n c e  s p a c e ,  The exper imenta l  
dara f o r  t h e s e  exper iments  a r e  shown i n  F i g u r e  6 f o r  s h a f c  speeds  of 
z e r o ,  5 ,000,  P0,000, and 30,000 rpm, These da.ta a r e  p r e s e n t e d  a s  t h e  
s p e c i f i c  l e a k a g e  r a t e  i n  molecules  pe r  second and micron of p r e s s u r e  
d i f f e r e n c e  a c r o s s  t h e  s e a l  v e r s u s  I n v e r s e  Knudsen Number, T h e o r e t i c a l  
c u r v e s  a r e  shown t o  pe rmi t  comparisons of t h e  exper iments  and t h e o r i e s .  
In g e n e r a l ,  che developed t h e o r e t i c a l  msdels  p r e d i c t  the t r e n d s  of t h e  
2xperimencdl data ;  however, some devia~i~ns between t h e  t h e o r i e s  and 
experiments exisc  in tertain r e g i o n s *  

One test for any t h e o r e t i c a l  v i s c o s e a l  model is  I L ~  a b ~ l i t y  t o  
p r e d i c t  t h e  Leakage f l o w  f o r  t h e  n o n - r o t a t i o n a l  s h a f t  c o n d i t i o n ,  I n  
t h i s  c a s e  t h e  speed s e n s i t i v e  terms of Equa t ions  (2-42) and ( 2 - 4 4 )  go 
t o  ze ro  and on ly  t h e  p r e s s u r e  induced terms remain,  FOP t h e  s t a t i c  e a s e  
i t  i s  obvious  t h a t  t h e  e x p e r i m e n t a l  d a t a  f a l l s  below t h e  t h e o r e t i c a l  
c u r v e s  f o r  continuum v a l u e s  of I n v e r s e  Knudsen Number approaching 100.  
I n  t h i s  regime no d i f f e r e n c e s  between t h e  t h e o r e t i c a l  e q u a t i o n s  e x i s t ,  
and t h e s e  d a t a  are r e a l l y  a test  o f  t h e  continuum model of Boon and T a l  
s i n c e  r a r e f i e d  e f f e c t s  a r e  n e g l i g i b l e .  I n  t h e  b a s i c  Boon and T a l  model 
i t  w i l l  b e  r e c a l l e d  t h a t  boundary c o n d i t i o n s  a r e  a p p l i e d  K O  t h e  moving 
t o p  w a l l  and t o  t h e  botrom of t h e  groove b u t  n o t  t o  t h e  groove s i d e  w a l l s ,  
Depending on t h e  r e l a t i o n  of t h e  groove wid th  t o  i t s  d e p t h  (groove 
a s p e c t  r a t i o ) ,  t h i s  omxssfon may o r  may n o t  be  of s i g n i f i c a n c e .  When 
t h e  groove i s  v e r y  wide i n  comparison t o  i t s  d e p t h ,  one would expec t  
t h e  omiss ion of t h e  boundary c o n d i t i o n  on t h e  s i d e  w a l l s  t o  b e  of minor 
Importance.  A s  t h e  a s p e c t  r a t i o  d e c r e a s e s  and approaches  u n i s y ,  however, 
t h e  e f f e c t s  of  he s i d e  w a l l s  become of t h e  same o r d e r  of magnxtude a s  
t h e  t o p  and bottom w a l l s  of t h e  groove and should b e  c o n s i d e r e d ,  The 
a s p e c t  r a t i o  of t h e  e x p e r i m e n t a l  geometry i s  e s s e n r i a l l y  u n i t y  and t h e  
d i f f e r e n c e  between t h e  t h e o r y  and t h e  exper imenta l  d a t a  i n  r h e  continuum 
regime i s  l a r g e l y  a ~ t r i b u t e d  t o  t h e  omiss ion of t h e  s i d e  w a l l  boundary 
e o n d i t f o n s ,  
A s  t h e  f low becomes more r a r e f i e d ,  as i n d i c a t e d  by t h e  d e c r e a s e  i n  
Inverse Knudsen Number, the agreement between t h e  theory  and t h e  
expesxnaental data 1s imprcved a l t h o u g h  t h e  theore t i c ;ab  p r e d x c t i o n s  remain  
h i g h ,  The i n f s u e n c e  of t h e  groove s i d e  w a l l s  would be  expected ro be s f  
a g r e a t e l  magni tude under continuurfi c o n d i t i o n s  as opposed t o  r a r e f i e d  
c o n d i t i o n s .  Under continuum f low t h e  f l u i d  a d j a c e n t  t o  t h e  w a l l s  h a s  a 
r e l a t i v e  v e l o c i t y  t o  t h e  w a l l  of ze ro  w h i l e  under r a r e f i e d  c o n d i t i o n s  t h e  
f l u i d  v e l o c i t y  i n  t h e  v i c i n i t y  of t h e  w a l l s  i s  f i n i t e  being t h e  " s l i p  
v e l o c i t y . "  
F i g u r e  6, page 44, shows t h e  t h e o r e t i c a l  s o l u t i o n s  f o r  t h e  s t a t i c  
rpm c a s e ,  The s o l i d  l i n e  s o l u t i o n ,  Equa t ion  (2-42), i n d i c a t e s  t h e  f low 
o b t a i n e d  by a p p l i c a t i o n  of t h e  s l i p  boundary c o n d i t i o n s  t o  t h e  Reynolds 
e q u a t i o n s .  The second s o l u t i o n ,  Equat ion (2-50),  i n d i c a t e d  by t h e  dashed 
Line,  is  t h e  composi te  s o l u t i o n  o b t a i n e d  by c o r r e c t i n g  t h e  s l ip -modi f i ed  
Reynolds e q u a t i o n s  f o r  the number of molecu les  which c o l l i d e  w i t h  t h e  
w a l l s  and consequen t ly  cannot  e x p e r i e n c e  s l i p  boundary c ~ n d i t i o n s ,  
Equa t ion  (2-44), and t h e n  adding t h e  s e l f - d i f f u s i o n  f lows b o t h  i n  t h e  
grooves  and t h e  a n n u l a r  space .  i t  may be  observed t h a t  t h e r e  i s  
e s s e n t i a l l y  no d i f f e r e n c e  i n  t h e  two soLut ions  u n t i l .  t h e  i n v e r s e  Knudsen 
Number d e c r e a s e s  below a v a l u e  of approx imate ly  3 .0 .  Although t h e  
d i f f e r e n c e  i n  t h e s e  two  s t a t i c  s o l u t i o n s  i n c r e a s e s  w i t h  i n c r e a s e d  
r a r e f l e a t i o n  t h e  composi te  s o l u t i o n  i s  o n l y  15 p e r c e n t  h i g h e r  t h a n  t h e  
s s l u t i o n  of Equa t ion  (2 -42)  a t  a n  I n v e r s e  Knudsen Number of O . l O .  Tab le  
I1 p r e s e n t s  a comparison of t h e  two s o l u t i o n s  and p e r m i t s  a n  examinat ion 
of r h e  c o n e r i b u t i o n s  r o  t h e  composite s o l u s i o n ,  Examination of t h e  
c a b l e  shows t h a t  t h e  d i f f u s i o n  f low c o n t r i b u t i o n s  i n  b o t h  the  a n n u l a r  
s p a c e  and zhe s i x t e e n  grooves  a r e  o n l y  one p e r c e n t  s f  t h e  t o c a l  composite 
f L ~ h i i  ar an  Inverse Knudsen Number of L O  and d e c r e a s e  rapidly with 
d e c ~ ~ a s e d  r a r e f i c a r ~ o n ,  A t  an I n v e r s e  Knudsen Number of 0 ,01  i t  can be 
observed that t h e  d i f f u s i o n  c o n r r i b u t e s  92  p e r c e n t  of the t o t a l  ~ s m p o s i t e  
TABLE I1 
NET LEAKAGE SOLUTIONS X FOR SEAL NO. 1 AT ZERO RPM 
-- 
~ / A P  - N/AP Composf te Solution - Eq. (2-50) 
Cont, 9 slip Cont, 9 slip Annulus Groove Composite 
No. Part, Cor-r, Part, Corr, D i f  fusf on Diffusion Flow 
, Eq. (2 -42)  Eq. (2 -44)  E q ,  (2 -47)  Eq, ( 2 - 4 9 )  Eq. (2-50) 
s o l u t i o n  hnd ~ h e  %Low is e s s e n t i a l l y  free molecular, The modesasely c l o s e  
agreement between t h e  r a t h e r  complex composi te  s o l u t i c n  o t  Equa t ion  (2-50) 
and t h e  more s imple  s o l u t i o n  of Equat ion ( 2 - 4 2 )  over  t h e  e n t i r e  range of 
r a r e f i c a t f o n  f o r  t h e  v i s c o s e a l  i s  comparable t o  c h a t  o b ~ a i n e d  s i m i l a r l y  
f o r  f l o w  through b o t h  l o n g  t u b e s  and a n n u l i ,  
Net l eakage  d a t a  f o r  t h e  t h r e e  dynamic o p e r a t i n g  speeds  o f  5 ,000,  
10,000,  and 30,000 rpm a r e  a l s o  shown i n  F i g u r e  6 ,  page 44* A s i n g l e  s e t  
of t h e o r e t i c a l  c u r v e s  i s  shown f o r  t h e s e  d a t a  s i n c e  t h e r e  is  n e g l i g i b l e  
d i f f e r e n c e  between t h e  two s o l u t i o n s  p r e v i o u s l y  d i s c u s s e d  i n  t h i s  r a r e -  
f i e a t i o n  regime, T a b l e  L I L  p r e s e n t s  a  f l o w  comparison t a b u l a t i o n  f o r  t h e  
5 ,000 rpm s o l u t i o n s  s i n c e  t h i s  speed has  t h e  most r a r e f i e d  c o n d i t i o n s  of 
t h e  t h r e e .  The d i f f e r e n c e  between t h e  5 ,000 rpm dynamic soEut ions  cannot  
be d i s t i n g u i s h e d  on F i g u r e  6 ,  Examination of t h e  v a l u e s  of Tab le  ILI shows 
t h a t  t h e  d i f f e r e n c e  i n  t h e  two s o l u t i o n s  i s  approx imate ly  one p e r c e n t  a t  a n  
I n v e r s e  Knudsen Number of 10 .0 .  While t h e  t r e n d s  of t h e  t h e o r e t i c a l  
s o l u t i o n s  of Equat ion (2-42) f o r  t h e  dynamic c a s e s  do match t h e  exper imenta l  
d a t a ,  c o n s i d e r a b l e  d i f f e r e n c e s  between t h e o r y  and d a t a  do e x i s t ,  Based 
on t h e  d e g r e e  of agreement t h a t  e x i s t e d  between t h e o r y  and exper iment  
f o r  t h e  ze ro  rpm c a s e ,  t h e  d a t a  f o r  t h e  dynamic c e s t s  i n d i c a t e  t h a t  t h e  
f low p r e d i c ~ i o n s  of t h e  r o t o r  induced terms of Equa t ion  ( 2 - 4 2 )  and Equa t ion  
( 2 -44 )  a r e  i n  e x c e s s  of t h e  a c t u a l  r o t o r  induced pumping o b t a i n e d .  
The s p e c i f i c  molecu la r  f l o w  r a t e  e q u a t i o n s  f o r  t h e  dynamic speeds  a r e  
peessuze  r a t i o  s e n s f c i v e  as may be  noted by examining Equa t ions  ( 2 - 4 2 )  
and ( 2 - 4 4 j C  The eheo rec rca l  curves presented have been matched to the 
measured expesimentd p s e s s u i e  r a t a o s  
m o o  P l m ' = t  N * r n  
o 4 m  
pl 
m o o  
4 - 4 - O \  
The propagated exper imenta l  u n e e r t a i n t r e s  i n  N / B P  and k / N ,  d i s c u s s e d  
1'. 
i n  Chapter  1x1 a r e  s u f f i ~ f e n t l y  small t o  p r e c l u d e  t h e i r  d i s p l a y  on F i g u r e  
6 ,  page 44 ,  t h e i r  be ing  of t h e  o r d e r  of t h e  d a t a  symbols,  
S e a l i n g  C o e f f i c i e n t  I n v e s t i g a t i o n  
Performance of a v i s c o s e a l  a t  t h e  p a r t i c u l a r  c o n d i t i o n  f o r  which 
t h e r e  i s  no n e t  mass t r a n s p o r t  a c r o s s  t h e  s e a l  r e p r e s e n t s  a  v e r y  s p e c i a l  
o p e r a t i n g  c o n d i t i o n  b u t  one of p a r t i c u l a r  i n t e r e s t  t o  many i n v e s t i g a t o r s ,  
Vreeburg [I], Baron [ 4 ] ,  King [ 6 ] ,  Hodgson and MilEigan [ 7 ] ,  Boon and Tab [ 1 5 ] ,  
and S t a i r  [16,  171 have a l l  i n c l u d e d  a n a l y s e s  a n d / o r  exper imenta l  
i n v e s t i g a t i o n s  of v i s c o s e a l  o p e r a t i o n  a t  t h i s  c o n d i t i o n ,  I n  Chapter I1 
a f t e r  d e v e l o p i n g  t h e  s l ip -modi f i ed  Reynold ' s  s o l u t i o n  g iven  by 
Equa t ion  (2-28), t h e  f l o w  was s e t  e q u a l  t o  zero and t h e  s e a l i n g  coefficient 
parameter  
e v a l u a t e d  as shown i n  Equat ion (2-29), S e a l i n g  c o e f f i c i e n t  d a t a  were 
o b t a i n e d  over  ehe maximum p o s s i b l e  range of r a r e f i c a t f o n  f o r  s h a f t  s p e e d s  of 
5 ,000,  90,000, and 30,000 rpm and a r e  shown on F i g u r e  7 togecher  w i t h  
cor responding  t h e o r e t i c a l  c u r v e s  of Equa t ion  (2-29). The agreement between 
t h e o r y  and exper iment  i s  f a i r ;  however, s i g n i f i c a n t  d e v i a t i o n s  do e x i s t ,  
The t h e o r y  does  p r e d i c t  t h e  cor recE t r e n d  of t h e  s e a l i n g  d e g r a d a t i o n  a s  
c o n d i t i o n s  become ms;e r a r e f i e d ,  however, t h e  t h e o r y  i s  o p t ~ m i s t i c  in 
predicting Lower t h a n  measured values  of s e a l ~ n g  coefflsfents, It may be 
observed ?hat  rhe e x p e r f m e a ~ a l  d a t a  r n d i c a t e   hat t h e  s e a l i n g  cseffiefene 
pxarnerer  becomes speed s e n s i t i v e  as the s e a l a n t  g a s  becomes r a r e f i e d ,  

and this speed dependence is nod p r e d i c t e d  by t h e  developed t h e o r y  of 
Equa t ion  (2-29). The s e n s i t i v i t y  t o  s h a f t  speed f o r  t h e  r a r e f i e d - g a s  
v i s c o s e a l  i s  a l s o  unique from t h a t  of o p e r a t i o n  i n  t h e  l aminar  continuum 
regime where t h e  s e a l i n g  c o e f f i c i e n t  i s  independent  of s h a f t  speed [ 7 ,  181,  
Th is  continuum c h a r a c t e r i s t i c  may b e  s e e n  by n o t i n g  t h e  a s y m p t o t i c  behav ior  
of t h e  exper imenta l  da%a of 5,000 and 10,000 rpm a s  t h e  continuum regime 
i s  approached (I/N > 100) .  These d a t a  may b e  compared s i n c e  t h e  mean r a d i a l  K 
c l e a r a n c e  i s  e s s e n t i a l l y  t h e  same f o r  b o t h  speeds ,  A s e p a r a t e  t h e o r e t i c a l  
c u r v e  is  shown f o r  t h e  30,000 rpm d a t a  due t o  t h e  d i f f e r e n c e  i n  t h e  mean 
r a d i a l  c l e a r a n c e .  
F i g u r e  3 a l s o  shows t h e  average  s e a l i n g  c o e f f i c i e n t  v a l u e  f o r  t h e  
v i s c o s e a l  o p e r a t i n g  a t  laminar  continuum c o n d i t i o n s  u s i n g  a tmospher ic  a i r  
a s  t h e  s e a l a n t  f l u i d .  T h i s  continuum d a t a  a g r e e s  w e l l  w i t h  t h e  r a r e f i e d  
d a t a  e x t r a p o l a t e d  t o  t h i s  regime. As p o i n t e d  o u t  i n  Chapter  11, t h e  
r a r e f i e d - g a s  s e a l i n g  c o e f f i c i e n t  t h e o r i e s  of Equa t ions  (2-29) and (2-38) 
reduce  t o  t h e  b a s i c  Boon and T a l  t h e o r y  of Equat ion (2-30) a s  t h e  continuum 
regime i s  approached. Again t h e  t h e o r e t i c a l  p r e d i c t i o n s  a r e  o p t i m i s t i c  
i n  comparison t o  t h e  measured d a t a .  Appendix C c o n t a i n s  a  more d e t a i l e d  
account  of t h e  l aminar  continuum i n v e s t i g a t i o n s .  
Examination of t h e  t h e o r e t i c a l  s o l u t i o n  of Equat ion (2-29) r e v e a l s  
t h a t  under v e r y  r a r e f i e d  c o n d i t i o n s  t h e  model can p r e d i c t  a s e a l  p r e s s u r e  
d i f f e r e n t i a l ,  AP, which may exceed t h e  magnitude of t h e  upst ream o r  f o r e  
pump p r e s s u r e ,  Th i s  s o l u t i o n  would imply a n e g a t i v e  a b s o l u t e  v a l u e  f o r  t h e  
d n t ~ n s r r e a m  pressure, a corlditioss which cannot  occur  i n  r e a l i t y ,  A l i m i t i n g  
c r ; t e r i a  t o  be a p p l i e d  t o  t h e  t h e o r e t i c a l  s o l u t i o n s  co avo id  t h i s  condxtxon 
1s p r e d i c t a b l e  by c o n s i d e r i n g  t h e  v a r i a b l e s  invo lved ,  P l g u r e  7 p r e s e n t s  t h e  
s e a l i n g  caef f i c i e n e ,  11, versus the Inverse Knudsen Number, L / N  As 
K 
stated in Chapter 111, Knudsen number 
is based on the average pressure in the seal 
As the downstream pressure approaches zero, then AP approaches the 
upstream pressure and for this limiting condition 
Thus, the Inverse Knudsen Number variable may be written as 
The Sealing Coefficient variable is defined as 
Solving for AP in Lhe Inverse Knudsen Number relationship and 
subsrituting this f n t a  she above equation gives che limiting functional 
relationship 
M 
FOP a given  seal geometry, g a s 9  temperature, and operating speed, she 
i a m l r i n g  seal coefffcienc function varies inversely with the Inverse 
Knudsen Number, I:N On a PogarJthmfc plot such as Figure 7, t h f s  relation K 
w i l l  plot as a  straight l i n e  wi th  a s l o p e  of minus u n i t y ,  P o i n t s  which 
f a l l  above and t o  t h e  r i g h t  of t h i s  Line a r e  p o s s i b l e  w h i l e  t h o s e  which 
f a l l  below and t o  t h e  l e f t  a r e  n o t  p o s s i b l e  i n  t h a t  a  n e g a t i v e  a b s o l u t e  
p r e s s u r e  downstream is impl ied .  The l i m i t i n g  r e l a t i o n  of Equa t ion  (4-1) 
i s  speed s e n s i t i v e  and t h u s  t h e  L i m i t  c o n d i t i o n  can  be  e s t a b l i s h e d  f o r  each 
s e l e c t e d  s h a f t  speed.  L i m i t  c u r v e s  f o r  speeds  of 5,000, 10,000,  and 30,000 
rpm from Equa t ion  (4-1) are shown on F i g u r e  7 ,  page 51. The exper imenta l  
s e a l i n g  c o e f f i c i e n t  d a t a  a g r e e  w e l l  w i t h  t h e s e  l i m i t  c u r v e s  and a l l  p o i n t s  
f a l l  w i t h i n  t h e  "poss ib1e"regions .  I n  a d d i t i o n ,  t h e  speed s e n s i t i v i t y  of 
t h e  e x p e r i m e n t a l  d a t a  a g r e e s  w i t h  t h a t  i n d i c a t e d  by Equa t ion  (4-1). It 
should b e  no ted  t h a t  t h e  l i m i t i n g  f u n c t i o n  of Equat ion (4-1) r e s u l t s  from 
a  l i m i t  c o n d i t i o n  of t h e  v a r i a b l e s  invo lved  and a p p l i e s  t o  9 and $& 
v i s c o s e a l  a n a l y s e s  u s i n g  t h e s e  v a r i a b l e s .  
I n  view of t h e  l i m i t i n g  f u n c t i o n a l  r e l a t i o n s h i p  j u s t  e s t a b l i s h e d ,  
t h e  t h e o r e t i c a l  c u r v e s  of Equat ion (2-29) on F i g u r e  7 are dash- l ined 
p a s s  t h e  a p p l i c a b l e  l i m i t  c u r v e  f o r  a  p a r t i c u l a r  speed t o  show t h e  
s o l u t i o n  t r e n d s  and t r e n d s  on ly .  T h e o r e t i c a l  s e a l i n g  c o e f f i c i e n t  
prL>llictions a r e  n o t  p r e s e n t e d  f o r  t h e  composi te  f low s o l u t i o n .  There  i s  
n e g l i g i b l e  d i f f e r e n c e  between t h e  composi te  s e a l i n g  c o e f f i c i e n t  s o l u t i o n  
and t h a t  p r e d i c t e d  by Equat ion (2-29) a t  t h e  d e g r e e  of r a r e f i c a t i o n  t h a t  
e x i s t s  f o r  t h e  s e a l i n g  c o e f f i c i e n t  d a t a .  T h i s  i s  i n  agreement w i t h  t h e  
o b s e r v a t i o n  s f  Tab le  III f o r  t h e  n e t  l e a k a g e  s o l u t i o n  f o r  5,000 rpm. 
The p ropaga ted  u n c e r t a i n  f n  fl i s  t y p i c a l l y  shown on F i g u r e  7 by t h e  
v e r t i c a b  bars on selected d a t a  p o i n t s .  The u n c e r t a i n t y  I n  L / N  i s  of 
I( 
rhe  o rde r  of t h e  da ta  symbol w i d t h ,  
The r e l a t i o n s h i p  which ex i s t s  between t h e  n e r  Leakage tlow of  
F i g u r e  b ,  page 4 4 ,  and t h e  s e a l i n g  c o e f f i c i e n t  d a t a  of F i g u r e  7 ,  
page 51, can  b e s t  be  shown by r e f e r e n c e  t o  F i g u r e  8, Here i s  shown t h e  
farnxly of n e t  l eakage  c u r v e s  t h a t  e x i s t  a s  f u n c t i o n s  of t h e  s e a l  p r e s s u r e  
r a t i o  f o r  a  f i x e d  s h a f t  speed a s  p r e d i c t e d  by Equa t ion  (2 -421 ,  The 
c u r v e s  p r o g r e s s  t o  t h e  l e f t  f o r  i n c r e a s i n g  v a l u e s  of p r e s s u r e  r a t i o  u n t i l  
t h e  ( r  9 l ) / ( r  - 1 )  f a c t o r  i n  t h e  speed s e n s i t i v e  term of  t h e  e q u a t i o n  
P P 
approaches  u n i t y .  When t h e  f a m i l y  of n e t  l e a k a g e  f l o w  c u r v e s  a r e  extended 
co t h e  ze ro  n e t  f l o w  c o n d i t i o n  v i a  t h e  broken g raph ,  a corresponding s e a l i n g  
c o e f f i c i e n t  c o n d i t i o n  may be  i n d i c a t e d  f o r  each of t h e s e  p r e s s u r e  r a t i o  
cucves ,  Opera t ing  t h e  r a r e f i e d  v i s c ? s e a l  a t  " n e g a t i v e t '  c o n d i t i o n s  o f  
net l eakage  Flow i s  s imply a n o t h e r  way of s a y i n g  t h e  v i s c o s e a l  h a s  now 
become a p o s i t i v e  f l o w  pump, 
Comparisons w i t h  Data of Other  I n v e s t i g a t o r s  
A s  poinced o u t  i n  Chapter  I ,  r e l a t i v e l y  few exper imenta l  
i n v e s c f g a t i o n s  of r a r e f i e d - g a s  v i s c o s e a l  performance have been conducted,  
Experxmental  d a t a  o b t a i n e d  by o t h e r  i n v e s t i g a t o r s  a r e  p r e s e n t e d  i n  t h e  t h r e e  
EoLlowing f i g u r e s -  Also  p r e s e n t e d  i n  t h e s e  f i g u r e s  a r e  t h e  r e s u l t s  o b t a i n e d  
by t h e  t h e o r e t i c a l  model, Equa t ion  ( 2 - 2 9 1 ,  which has  been developed,  The 
e x p e r i m e n t a l  d a t a  of t h e s e  o t h e r  i n v e s t i g a t o r s  a r e  i n  s e a l i n g  c o e f f i c i e n r  
o r  equ~va.l .ene fo rm ,  and a s  p r e v i o u s l y  s t a c e d ,  t h e r e  a re  e s s e n t ~ a l l y  no 
differences between t h e  t h e o r e t i c a l  p r e d i c t i o n s  of Equat ion (2-29) and (2-50) 
over :tie p e r c f n e n t  rareficarion range, 

Figure 9 presenrs  %he data o f  Hodgson and MilLigan [7Q using 
a tmospher ic  a i r  as t h e  s e a l z n s  f l u i d ,  These da ta  a r e  I n  t h e  continuum 
- 
regime a t  a n  average  Knudsen number of N = 0,00147. The e x p e r i m e n t a l  K 
r e s u l t s  i n d i c a t e  a  s l i g h t l y  poore r  s e a l i n g  c o e f f i c i e n t  v a l u e  t h a n  t h a t  
p r e d i c t e d  by t h e  t h e o r y  b u t  a g r e e  wichan t h e  t o l e r a n c e s  i n  s e a l i n g  
s s e f f i c i e n r  which r e s u l t  from t h e  geomet r ic  u n c e r t a i n t i e s  a s s o c ~ a t e d  
w i t h  t h e  sezil dimensions i f ] .  The d e g r a d a t i o n  i n  s e a l  performance as  
t h e  d e n s i t y  becomes lower i s  i n d i c a t e d  by t h e  t h e o r e t i c a l  c u r v e s ,  
In F i g u r e  l o  t h e  d a t a  of Baron [ 4 ] , a P s o  f o r  a i r ,  a r e  compared wich 
t h e  t h e o r e e i c a l  p r e d i c t i o n s  from Equat ion (2-29).  Baron 's  s e a l i n g  
paramete r  i s  r e l a t e d  t o  t h e  s e a l i n g  c o e f f i c i e n t  i n  t h e  manner shown on 
t h e  o r d i n a t e ,  The d a t a  of Baron, w h i l e  more r a r e f i e d ,  % = 0,014,  K 
t h a n  t h a t  of Hodgson and MflLigan,  a r e  s t i l l  w i t h i n  t h e  continuum regime,  
The t h e o r y  e e r t a i n L y  p r e d i ~ t s  t h e  t r e n d s  of t h e  d a t a  a l t h o u g h  t h e r e  i s  a  
s i g n i f i c a n t  d e v i a t i o n  between t h e o r y  and exper iment ,  Again t h e  t h e o r y  
i s  o p t i m i s t i c  i n  i t s  p r e d i c t i o n  of t h e  v i s e o s e a P  performance,  
In F i g u r e  11 t h e  d a t a  of King [6Q f o r  a i r  a r e  compared w i t h  
t h e s r e t i c a l  p r e d i c t i o n s .  Some s f  t h e s e  d a t a  a r e  i n  t h e  non-continuum 
regime.  A s  shown i n  t h e  f i g u r e ,  t h e  t h e o r y  i n d i c a t e s  eha t  nsn-continuum 
e f f e s ~ s  w i l l  occur  f o r  Knudsen Numbers g r e a t e r  t h a n  0 ,Ol  i n  t h e  form of a 
d e c r e a s e  in s e a l i n g  performance,  The d a t a  a l s o  i n d i c a ~ e  t h i s  same t r e n d  
a l t h o u g h  t h e r e  i s  a  s i g n i f i c a n t  d e v i a t i o n  between t h e o r y  and exper iment ,  
The l h l c i n g  f u n c t i o n  of Equation (4-1) i s  also shown f o r  a shaft speed of 
L4,080 cpm and raises a q u e s t i o n  c ~ n c e r n i n g  t h e  validity of one of King's 
Lrs p , ~ r t ,  S L l a i l a k  "k the othea: crsrmparlsons, dhe thecry i s  optimistic 
* n  s c s  p r e d x c  tisn o f  sedE perromance ,  



Ac t h e  c l o s e  of t h i s  s t u d y  i c  i s  d e s i r a b l e  t o  enumerate  some of t h e  
m a ~ o r  c o n c l u s i o n s  of t h e  i n v e s t i g a t i o n  conducted.  While a  number of t h e s e  
have been d i s c u s s e d  i n  t h e  p reced ing  m a t e r i a l ,  where a p p l i c a b l e ,  i t  i s  
p r o f i t a b l e  t h a t  t h e s e  b e  reviewed and g e n e r a l i z e d  comments p r e s e n t e d .  
The developed t h e o r e t i c a l  models p r e d i c t  t h e  t r e n d s  f o r  b o t h  t h e  n e t  
l e a k a g e  and t h e  s e a l i n g  c o e f f i c i e n t  d a t a ,  however d e v i a t i o n s  of sufficient 
magnitude e x i s t s  t o  p r e v e n t  t h e i r  i n d i s c r i m i n a t e  use .  A major  s o u r c e  of t h e  
d l f f i c u l t f e s  w i t h  t h e  cheory is  t h e  b a s i c  l i m i t a t i o n s  o f  t h e  l aminar  
continuum model of Boon and T a l  w h i ~ h  was s e l e c t e d  as t h e  beg inn ing  p o i n t  
f o r  t h e  r a r e f i e d  a n a l y s i s ,  The ccznti~traum d a t a  s f  F i g u r e  6 ,  page 4 4 ,  
show r a t h e r  c o n c l u s i v e l y  t h a t  t h e  model of Boon and T a l  does  n o t  a d e q u a t e l y  
p r e d i e c  r h e  f low when d e a l i n g  w i t h  grooves  having t h e  w i d t h  of t h e  same 
o r d e r  of magni tude as t h e  depth .  While i t  i s  r e a l i z e d  t h a t  t h e  v i s e e s e a l  
g roove  geomet r ies  u t i l i z e d  f o r  p u r e i y  continuum s e a l i n g  a r e  usualZy very  
s h a l l o w ,  t o  t h e  a u t h o r ' s  knowLedge, t h e  need f o r  r e s t r i c t i n g  t h e  model 
usage  t o  g rooves  of h i g h  a s p e c t  r a t i o  h a s  n o t  been emphasized,  It i s  
anticipated t h a t  t h e  developed r a r e f i e d  models w i l l  more c a o s e l y  p r e d i c t  
t h e  s e a %  perZormance a s  che a s p e c t  r a ~ i o  becomes l a r g e r  a l t h o u g h  d a t a  a r e  
n o t  p r e s e n t l y  a v a i l a b l e  t o  s u b s t a n t i a t e  c h i s  A theoretics% laminar  
continuum model which i n c l u d e s  t h e  groove s i d e  w a l l  boundary c o n d i t i o n  is  
needed and i s  p r e s e n t l y  being pursued by P a t t e r s o n  [ 8 ] .  With t h i s  frnpro~~ernent,  
t h e  u s e  of s l i p  b s u n d a ~ y  c o n d i t i o n s  coupled w i t h  che c o r r e c t i o n  f o r  
parrxcles which do not s x p e r i e n c e  s l i p  plus t h e  a d d i ~ l o n  of t h e  self- 
difiuslvn ~ I o w s  in the gLaoves and the znnu%ar space still a p p e a r s  t o  be 
t h e  most fundamental  approach f o r  s b t a r n i n g  a r h e u r e t x c a l  raret ied solu~ion, 
b c  shou ld  be borne  i n  mind, however, t h a t  w h i l e  t h i s  i s  t h e  more r i g o r o u s  
approach,  t h e  tremendous i n c r e a s e  i n  complexi ty  and c i n e  of o b t a i n i n g  t h i s  
composi te  s o l u t i o n  a p p e a r s  t o  buy on ly  s l i g h t  improvements i n  t h e  t h e o r e t i c a l  
model based on t h e  i n f o r m a t i o n  a t  hand, From t h e  v i s c o s e a l  d e s i g n e r  view- 
p o i n t ,  t h e  u s e  of t h e  r e l a t i v e l y  s i m p l e  r a r e f i e d  model o b t a i n e d  by a p p l i c a t i o n  
of s l i p  boundary c o n d i t i o n s  t o  a  p r o p e r  continuum model does  p rov ide  an  
a c c e p t a b l e  method of i n c l u d i n g  modera te ly  r a r e f i e d  e f f e c t s ,  When t h i s  is 
coupled w i t h  t h e  l i m i t i n g  f u n c t i o n  f o r  t h e  s e a l i n g  c o e f f i c i e n t  pa ramete r ,  
c h i s  does  p rov ide  a p r a c t i c a l  d e s i g n  t o o l  f o r  e s t a b l i s h i n g  a n  upper l i m i t  
f o r  r a r e f i e d - g a s  v i s c o s e a l  performance.  
T h i s  s t u d y  has  amply i l l u s t r a t e d  t h e  r e a l  need f o r  more d e t a i l e d  
exper imenta l  perfoasnance d a t a  on r a r e f i e d - g a s  v i s c o s e a l s  t o  p r ~ v f d e  a t e s t  
of t h e  developed t h e o r e t i c a l  models. These exper imenta l  programs need t o  
i n c l u d e  n o t  orlly s e a i i n g  c o e f f i c i e n t :  measurements b u t  a l s o  nec  l e a k a g e  
i n v e s t i g a t i o n s  a s  t h e s e  tests can p r o v i d e  r e a l  i n s i g h t  i n t o  che model. 
T e s t s  of s e a l i n g  c o e f f i c i e n t  do n o t  p r o v i d e  t h e  d e t a i l e d  v i s i b i l i t y  i n t o  
t h e  model t h a t  i s  a f f o r d e d  w i t h  t h e  n e t  l e a k a g e  type  of exper iments ,  The 
s e a l i n g  c o e f f i c i e n t  pa ramete r ,  w h i l e  of c o n s i d e r a b l e  i n t e r e s t ,  does  c o n s t i t u t e  
a v e r y  s p e c i a l  oparatfng c o n d i t i o n  f o r  t h e  v i s c o s e a l  and one f h a %  i s  n o t  
often r e a l i z e d  i n  a p p l i c a t i c n ,  
As prev%ously s k a t e d ,  t h i s  i i w e s t i g a t i o n  was a p o r t i o n  of "A 
Fundamensal Seudy i n  Eew-Density Gas Dynamics," sapported ar; %he University 
st Jenmessee by the National Aernraau%tcs and Space  Wdminis~racion, Continued 
xnvessigataons of rarefaad-gas viscaseals ,  bath experimentally and 
anakyticaily, are in p r o g r e s s ,  
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APPENDICES 
GROOVE SELF DIFFUSION 
A s  s t a t e d  i n  Chapter  11, t h e  d i f f u s i v e  f low i n  t h e  s h a f t  groove was 
o b t a i n e d  by c o n s i d e r i n g  t h i s  f low t o  b e  t h a t  of a long groove of r e c t a n g u l a r  
c r o s s  s e c t i o n .  T h i s  c o n s i d e r s  t h e  h e l i c a l  groove t o  b e  unwrapped and 
n e g l e c t s  any c u r v a t u r e  e f f e c t s ,  Thus t h i s  s e c t i o n  p r e s e n t s  t h e  s e l f -  
d i f f u s i o n  f low through a l o n g ,  s t r a i g h t ,  r e c t a n g u l a r  groove,  The 
development of t h i s  t e c h n i q u e  is p a t t e r n e d  a f t e r  t h e  work of Weber [ 9 ]  
and was p r i m a r i l y  done by Cowling and Swicegood [339. 
Consider  t h e  l o n g  groove of r e c e a n g u l a r  c r o s s  s e c t i o n  of F i g u r e  12.  
L e t  dS1 b e  a s m a l l  e lement  on  t h e  s u r f a c e  of t h e  groove s i d e  w a l l  and dS 
b e  a small e lement  i n  a coun t ing  p l a n e  normal t o  t h e  groove a x i s ,  The 
number of molecuLes which l e a v e  dS' p e r  u n i t  t i m e  i n  t h e  d i r e c t i o n  o f  t h e  
e lement  i s  shown by P r e s e n t  [2L]  t o  b e  
2 [  dw 
-d N = n7dS1 c o s  8 '  - W 4~ ' 
where dw i s  t h e  e l e m e n t a l  s o l i d  a n g l e  subtended by dS a t  t h e  c e n t e r  of dS'  
and t h e  minus s i g n  i n d i c a t e s  f low i n  t h e  n e g a t i v e  5 d i r e c t i o n .  Lee r be  
t h e  l e n g t h  of t h e  l i n e  j o i n i n g  t h e  c e n t e r s  of dS and dS'  and @ '  b e  t h e  
a n g l e  between r and t h e  normal t o  dS. 
O f  those molecu les  l e a v i n g  dS' i n  t h e  d i r e c t i o n  of dS, some w i l l  
travel t h e  e n t i r e  d i s r a n c e  w i t h o u t  e x p e r i e n c i n g  a molecu la r  coLEis ion,  
The p z o b a b i l r t y  of rrr~lecille t r a v e l i n g  a d i s t a n c e  r w i t h o u t  a 

-r/X 
c o i l i s a o n  a s  e  [ Z L J ,  where A i s  t h e  mean f r e e  p a t h ,  Thus of the 
total numbee of molecu les  which l e a v e  dS>er  u n i t  t ime i n  t h e  d i r e c c i s n  
of dS,  on ly  
2. - dw e-r/A 
-dNW= nVdS' cos  8' - 4r 
a r r i v e  t h e r e  w i t h o u t  e x p e r i e n c i n g  a n  i n t e r m o l e c u l a r  c o l l i s i o n ,  From 
geomet r ic  c o n s i d e r a t i o n s ,  
dw = dS cos  8 
r 
2 
2 
r + c 2 - d  2  
eos  8 = 
2x5 
r2  t ( b l  - v l 2  - f 2  
c o s  8' = 2 r  (b -n) 
Using t h e  above e q u a t i o n s ,  t h e n  Equat ion (A-2) may b e  w r i t t e n  as 
But 
r2  - f 2  = (b '  -q) 2  
Thus 
(A- 4 ) 
Cs cas~de ra r l sn  w a l l  now be  given t o  the  nurnber o f  mo%esuZes whreh 
pass chrough dS directly after e x p e r i e n c i n g  a molecu la r  c o l l n s f o n  somewhere 
3 * 
along r, L e t  d N b e  &he number 02 mciecu les  per unit time from t h i s  
f2 
s o u r c e  of flew through dS. I f  dT is an elemental volume ~n r 3  rhen 
n? d ~ / h  i s  t h e  molecular  c o L l i s i o n  f requency i n  d~ [21] , Of t h i s  number, 
dw2/4n l e a v e  d? i n  t h e  d i r e c t i o n  of dS where dw i s  t h e  s o l i d  a n g l e  2 
subtended by dS a t  t h e  c e n t e r  of dT. For r h e s e  molecules  l e a v i n g  d T  
- ~ / h  i n  t h e  d i r e c t i o n  of dS, t h e  p r o b a b i l i t y  i s  e  t h a t  they w i l l  t r a v e l  
t o  dS w i t h o u t  a  c o l l i s i o n  where E is  t h e  d i s t a n c e  from d~ t o  dS. Thus 
From geomet r ic  c o n s i d e r a t i o n s ,  
dw2 = dS cos  8 - di7dz f - -  
E 
2 
E 2 r 
b u t  
and 
2  dS' cos  5' d E  dT = E 
r 
2 
s o  t h a t  
If integration i s  now performed for 0 - < E - < r ,  t h e n  the  mobecules 
passing through dS fsllowlng a eoillsisn In a i l   he sub-volumes ds  
a l o n g  E can b e  found a s  
To i n t e g r a t e  Equa t ion  (A-7) i t  i s  necessa ry  t h a t  t h e  molecu la r  d e n s i t y ,  
n ,  b e  known a s  a f u n c t i o n  of E .  I t  is  assumed t h a t  n can b e  expressed  a s  
where n is t h e  d e n s i t y  i n  t h e  coun t ing  p l a n e  and (dn/d<)  i s  taken  a s  
0 
c o n s t a n t .  It is f u r t h e r  assumed t h a t  d e n s i t y  changes i n  t h e  q and z 
d i r e c t i o n  a r e  n e g l i g i b l e .  S i n c e  
5 = E C O S  63,  
t h e n  t h e  i n t e g r a l  of Equa t ion  (A-7) can be e v a l u a t e d  a s  
1 ,,+/A d~ = / (no + E cos  63 e-E'hdE 
0 0 d S 
Thus Equa t ion  (A-7) may b e  w r i t t e n  a s  
- 
- dn. 2 .  ( b '  -q)S ( d q d z d ~ ) d z f  - e r'h)(no + A cos e x) -d N = - 
g 47T r 4 
dn -r/A} 
- cos 8 - r e  
d S 
T h e  t o t a l  number of molecules passing through dS in the negatave 5 
$ ~ r e c t i : n  trsm aLeng the  ray "r" i s  sbtai-ned by adding Equations (A-4) 
and (A-9) to obtaxn 
which s i m p l i f i e s  t o  
- 
2 dn -r / A  ( b l  -11) (dqdzd<)dzl  (no + h  cos  @ - e ) 1 9  (A-10) - '3 N 1 =. ---- 
5- 47Tr 4 
where 
5 c o s  63 " - . 
r 
Equa t ion  (A-10) e x p r e s s e s  t h e  t o t a l  number of molecu les  f lowing  
through t h e  c o u n t i n g  p l a n e  i n  t h e  n e g a t i v e  5 d i r e c t i o n .  To f i n d  t h e  
molecu les  f lowing  through t h e  coun t ing  p l a n e  i n  t h e  p o s i t i v e  < d i r e c t i o n  
i t  is n e c e s s a r y  t o  r e d e f i n e  t h e  molecu la r  d e n s i t y  a s  
With t h i s  r e v i s i o n  and a change of s i g n  i n  Equa t ion  (A-4), t h e  
t o t a l  m o l e c u l a r  f low i n  t h e  p o s i t i v e  6 d i r e c t i o n  i s  o b t a i n e d  a s  
- 
d2f i /  =-- dn - r / h  ( b l  -q) 6 ( d n d z d ~ d z '  Ino  - A cos  63 z ( l  - e (A-IS) 
5' 4nr  4 
The n e t  molecu la r  f low through r h e  coun t ing  p l a n e  can be  o b t a i n e d  
by add ing  Equa t ions  (A-10) and (A-11) and s i m p l i f y i n g  'co 
a f t e r  l e t t i n g  
r R = ----- 
b ' 
Now r e f e r r i n g  t o  F i g u r e  13, it i s  p o s s i b l e  t o  wrise Equat ion (A-12) 
t o  calculate the flaw from both  s i d e  walls of t h e  groove as 

r r -) 
where 
Equat ion (A-13) does  n o t  l e n d  i t s e l f  t o  c l o s e d  form i n t e g r a t i o n ,  
s o  t h e  s o l u t i o n  must b e  o b t a i n e d  n u m e r i c a l l y ,  Equa t ion  (A-13) can b e  
r e w r i t t e n  a s  
where 
Computation Procedure  
The molecu la r  f low i n d i c a t e d  by Equat ion (A-14) was e v a l u a t e d  En 
t h e  fo l lowing  manner. A s  shown i n  F i g u r e  13,  l e t  each d i f f e r e n t i a l  
f low,  DFLOWjk, from t h e  two s i d e  w a l l s  t o  a n  "i" element  be summed a l o n g  
a c o n s t a n t  "j" row f o r  1 - < k - < N, and l e t  RFLOWij r e p r e s e n t  t h a t  sum. So 
Then the .~-,cral flow to an "i" element i s  given by^  
M 
= c RFLOWij (i = constant). 
FLoWij = 
The next step i n  the s o l u t i o n  i s  t o  c t i l c u l a t e  t h e  total flow t o  each  
d i f f e r e n t i a l  "i" element a l o n g  t h e  bottom. row, ( i , l j ,  Because of 
symmetry, i t  i s  o n l y  n e c e s s a r y  t o  compute t h i s  f low over  one-half of 
t h e  f low channe l  wid th .  
Next,  t o  r e d u c e  t h e  computer e x e c u t i o n  t i m e ,  c e r t a i n  g e o m e t r i c a l  
s i m i l a r f t i e s  can  be  found t o  r e d u c e  t h e  number of c a l c u l a t i o n s ,  For 
example, i f  any FLOWij cou ld  b e  found by add ing  and s u b t r a c t i n g  c e r t a i n  
RFLOWi t o  RFLOWil, t h e n  t h e  number of c a l c u l a t i o n s  can b e  d r a s t i c a l l y  
reduced.  F i g u r e  1 4  i l l u s t r a t e s  a method f o r  de te rmin ing  t h i s  s i m i l a r i t y ,  
From F i g u r e s  1 3 ,  page 74,  and 14 n o t e  t h a t  FLOWi2 i s  v e r y  s i m i l a r  
t o  FLOWil. I n  f a c t ,  t h e  o n l y  d i f f e r e n c e  i s  t h e  d o t t e d  R F L O W ' ~  shown. 
Thus i t  can  b e  s e e n  t h a t  
In a more g e n e r a l  s e n s e ,  s i n c e  PLOW may b e  o b t a i n e d  from FLOW i n  a 1 3  i 2  
similar manner, t h e n  
FLOW. . = FLOWi, j-l f FLOWi, 
- RFLOWi ,M + 2 - 
1~ j" 
Ncw t h i s  FLOWij c a n  b e  summed o v e r  each e lement  f o r  one quadran t  of 
t h e  channe l  c r o s s - s e c t i o n  and m u l t i p l i e d  by 4 t o  o b t a i n  t h e  t o t a l  
d i f f u s i v e  f l o w  from t h e  channe l  s i d e  w a l l s .  
For a channe l  of s q u a r e  c r o s s - s e c t i o n  w i t h  a uniform molecu la r  
c o n c e n t r a t i o n  a c r o s s  t h e  channe l ,  t h e  f low from t h e  bottom and top  
w a l l s  i s  t h e  same a s  t h e  f low from t h e  groove s i d e  w a l l s ,  Thus t h e  
t o t a l  d i f f u s l a n  f l o w  through a s q u a r e  groove i s  g iven  by 
L/2 M/2 
r \ l - 8  2 ( :: P~oW,,). 
j = l  J-J 
Figu re  1 4 .  Numerical Computation S i m i l a r i t i e s ,  
The s o l u t i o n  f o r  t h e  s e l f - d i f f u s i o n  f low p r e s e n t e d  i n  t h i s  s e c t i o n  
h a s  been r e c e n t l y  u t i l i z e d  by M i l l i g a n  and P a t t e r s o n  [ 28 ]  i n  a  s t u d y  
of r a r e f i e d  g a s  f low through long s q u a r e  t u b e s .  T h e i r  e x p e r i m e n t a l  
r e s u l t s  s u b s t a n t i a t e  t h e  d i f f u s i v e  a n a l y s i s  p r e s e n t e d .  
APPENDIX B 
The a n a l y s i s  of t h e  r a r e f i e d - g a s  v i s c o s e a l  by King [ 6 ]  i s  unique 
i n  i t s  manner of t r e a t m e n t  of t h e  v i s c o u s  induced f low i n  t h e  g rooves  
superimposed w i t h  t h e  p r e s s u r e  induced f lows  i n  bo th  t h e  grooves  and 
t h e  a n n u l a r  c l e a r a n c e  s p a c e ,  The r o t o r  induced f low i n  t h e  grooves  
is  determined by c o n s i d e r i n g  v i s c o u s  f low w i t h o u t  a p r e s s u r e  g r a d i e n t  
i n  a  r e c t a n g u l a r  channe l  w i t h  one w a l l  moving a t  t h e  p e r i p h e r a l  speed 
of t h e  r o t o r .  The p r e s s u r e  induced l eakage  f lows  of t h e  grooves  and 
t h e  a n n u l a r  space  a r e  e s t a b l i s h e d  us ing  t h e  P o i s e u i l l e  v f s c o u s  t u b e  
f low e q u a t i o n  modif ied w i t h  s l i p  boundary c o n d i t i o n s  a f t e r  having 
assumed t h e s e  f lows cou ld  be  r e p r e s e n t e d  by u s e  of t h e  h y d r a u l i c  r a d i u s ,  
r i n  t h e  t u b e  f low e q u a t i o n ,  H ' 
Kfng e v a l u a t e s  t h e  n e t  l eakage  mass f low r a t e  i n  t h e  s e a l  a s  
=ET = NS% =+ md - N 4 
s I' (B-11 
where 
I$, = p r e s s u r e  induced mass f low i n  a groove 
id = p r e s s u r e  induced mass f l o w  i n  t h e  annu lus  
m = r o t o r  induced mass f low i n  a  groove I 
Ns = number of grooves  
The terms a r e  e v a l u a t e d  i n  t h e  fo l lowing  manner, 
Groove Flow 
King assumes cha t  Poiseuille f l o w  in s cube when modified us ing  
s l i p  buundaxy c o n d i t i o n s  a t  t h e  walls  is  a p p l i c a b l e  t o  t h e  p r e s s u r e  
7 9 
induced f low through u s e  of t h e  h y d r a u l i c  r a d i u s  i n  p l ace  of t h e  t u b e  
r a d i u s .  The P o i s e u i l l e  s o l u t i o n  f o r  t u b e  f low i s  given by Kennard [ 2 Q j  
a s  
where < i s  t h e  c o e f f i c i e n t  of s l i p  as d e f i n e d  by Kennard i n  e v a l u a t i n g  
t h e  s l i p  v e l o c i t y  relat ive t o  the w a l l  a s  
The c o e f f i c i e n t  of s l i p  is  t a k e n  from [26] a s  
< = ( c o n s t a n t )  A = 1 ,375  A ,  
Using t h e  p e r f e c t  g a s  e q u a t i o n  of s t a t e  f o r  t h e  d e n s i t y ,  Equa t ion  (B-2) 
i s  r e w r i t t e n  i n  t e m s  of t h e  c r o s s  s e c t i o n a l  a r e a  and t h e  h y d r a u l i c  
r a d i u s  as 
Annular Clea rance  Flow 
S i m i l a r l y  t o  t h e  p r e s s u r e  induced f low t r e a t m e n t  i n  t h e  gz'oove, 
King t r e a t s  t h e  annu lus  fLow by a  modif ied f o m  of t h e  P o i s e u i l l e  f low 
s o l u t i o n ,  The annu lus  f low,  md, w i l l  d i f f e r  from t h e  groove Equa t ion  
(B-3) o n l y  i n  tems of t h e  h y d r a u l i c  r a d i u s ,  t h e  c r o s s  s e c t i o n a l  a r e a ,  
and che p r e s s u r e  g r a d i e n t .  The r a t i o  f o r  t h e  two f lows  was d e f i n e d  f o r  
N p a r a l l e l  grooves  a s  
8 
where t h e  pr imes d e s i g n a t e  t h e  annu lus  terms.  King c o n s i d e r s  t h e  p r e s s u r e  
a t  e i t h e r  end of t h e  grooves and a c r o s s  nR t h r e a d  l a n d s  i n  t h e  t e s t  
s e c t i o n  must b e  e q u a l  s o  t h a t  
0 0 
which h e  u s e s  t o  approximate  t h a t  
where "a" i s  t h e  a x i a l  Land w i d t h  a s  shown i n  F i g u r e  2, page 10.  Thus 
The terms of Equa t ion  (B-6) were  e v a l u a t e d  a s  f o l l o w s :  
2 ' c r o s s  s e c t i o n a l  a r e a  
r = H'  = c  w e t t e d  parameter  
L 
,Q+ .. ------ 
s i n  a 
A = hb'  
r = 
hb ' 
H (h  9 b ' )  
where b 9  i s  the  groove wxd th  normal t o  rhe groove walls and is  related 
t o  t h e  groove axial .  wid th  b of F i g u r e  2 ,  page 10 ,  by 
b '  = b  c o s  a. 
Using t h e  above e q u a t i o n s ,  
n 6 = 3 Ns s i n  a ( h b l )  a [ l 4  5.5 NK c ( h  4 b ' )  hb ' I 
Rotor Induced Flow 
I n  h i s  e v a l u a t i o n  of t h e  r o t o r  induced f l o w  King c o n s i d e r s  on ly  
t h e  v i s c o u s  terms of t h e  Navier-Stokes e q u a t i o n s  and s e l e c t s  f o r  h i s  
model 
Th is  e q u a t i o n  i s  so lved  s u b j e c t  t o  t h e  boundary c o n d i t i o n s ,  r e f e r e n c e  
F i g u r e  2 ,  page 10 ,  
u = O a t r l = O  
u = O a t n = b l  
It shou ld  b e  n o t e d  t h a t  t h e s e  a r e  continuum t y p e  boundary c o n d i t i o n s  
and do n o t  i n c l u d e  any r a r e f i c a t i o n  e f f e c t s .  Using s e p a r a t i o n  of 
va r iab le  t e c h n i q u e s ,  King o b t a i n s  t h e  groove v e l o c i t y  d i s t r i b u t i o n  and 
i n t e g r a t e s  over  t h e  groove a r e a  t o  o b t a i n  t h e  average  r o t o r  induced 
* * 
w eosh 1 (3111 I- 
-- 
us- 8U css o: b P  
3 [SUM (K) 3 (h r- c )  7T 
The r o t o r  induced f low i s  t h u s l y  o b t a i n e d  a s  
N e t  Flow 
The n e t  l e a k a g e  f low is  summated i n  Equa t ion  (B-1) and,  u s i n g  
Equa t ions  (B-2), (B-4) and (B-lo),  may b e  expressed  as 
To f i n d  t h e  maximum p r e s s u r e  d i f f e r e n t i a l  a c r o s s  t h e  s e a l ,  King sets 
t h e  n e t  mass f l o w  t o  zero. Then l e t t i n g  
dP AP AP s i n  a 
- - -  - 
dR R L 9 
- 
P - 8uLp 
max 2 5 5X a 
s i n  ( 1  +6) rH [ I  + -1 
r H 
(B-P 2) 
The s e a l i n g  c o e f f i c i e n t  as d e f i n e d  i n  Equat ion (2-29) may now b e  
e v a l u a t e d  a f t e r  s u b s t i t u t i n g  f o r  t h e  h y d r a u l i c  r a d i u s ,  rH, as 
2 2  3 7 ~  t a n  a ( h  + c ) h  b '  ( 1  + 6 ) [ 1  -I- 5 . 5  NKc (h + b ' )  I 
n =: hb ' n 0 0 (B-13) 
Commentary 
The sealing coefficient as computed using Equat ion 4B-14) i s  shown 
on F i g u r e  15 t o g e t h e r  w x t h  r e p r e s e n t a t i v e  examples of King ' s  exper imenta l  

d a c a  and the  solution of Equation (2-29). As may be  obse rved ,  t h e  
A " > - -  
~ ~ t = ~ d s  a n d  "uoh theories are remaxleab2.y sifiiilar afid bcjth soLlstLofis 
have s i g n i f i c a n t  d e v i a t i o n s  from t h e  d a t a .  A pr imary m o t i v a t i o n  f o r  
t h e  c l o s e  examinat ion of King ' s  e f f o r t s  was t h e  e x c e l l e n t  agreement 
between t h e o r y  and exper iment  shown i n  Refe rences  [6] and [29] .  
Numerous e f f o r t s  t o  d u p l i c a t e  t h i s  agreement have been u n s u c c e s s f u l .  
The r e a d e r  i s  cau t ioned  t h a t  numerous e r r o r s  are p r e s e n t  i n  b o t h  
Refe rences  [6]  and [29] of King ' s  work and were  confirmed g e n e r a l l y  b u t  
n o t  s p e c i f i c a l l y  by t h e  p e r s o n a l  cor respondence  o f  t h e  a u t h o r  [30 ] .  
To t h e  b e s t  of t h e  a u t h o r ' s  knowledge t h e  e q u a t i o n s  a r e  c o r r e c t  a s  
p r e s e n t e d  h e r e i n .  
APPENDIX C 
CONTINUUM INVESTIGATION OF THE EXPERIMENTAL 
RAREFIED-GAS VISCOSEAL NO. 1 
In  o rde r  t o  o b t a i n  experimental d a t a  over t h e  wides t  p o s s i b l e  
r a r e f i e a t i o n  range,  i t  was e l e c t e d  t o  conduct a  continuum s e a l i n g  
c o e f f i c i e n t  i n v e s t i g a t i o n ,  Although t h i s  was not  w i t h i n  the  o r i g i n a l  
r e sea rch  scope, i t  was f e l t  t h a t  t h e s e  experiments would add support ing 
evidence f o r  t h e  r a r e f i e d  t e s t s .  This  goal  was accomplished by t h e  
d a t a  shown on Figure  7, page 51, I n  t h e  process  of ob ta in ing  t h i s  
information,  c e r t a i n  c h a r a c t e r i s t i c s  of a continuum v i s c o s e a l  were 
uncovered t h a t  have not  been previous ly  repor ted  and a r e  contained i n  
% h i s  appendix, 
The continuum s e a l i n g  c o e f f i c i e n t  experiments were conducted by 
removing t h e  g r a p h i t e  r i n g  s e a l  and the  vacuum pump connections as 
shown on Figure 3 ,  page 29,  i n  order  t o  permit atmospheric p re s su re  
esndfc ions  t o  e x i s t  a t  t he  downstream loca t ion .  The h igh  p re s su re  end 
of t h e  v f scosea l  t e s t  s e c t i o n  was maintained a s  a  sea led  c a v i t y  and was 
pumped t o  an equi l ibr ium p res su re  above atmospheric dur ing  t h e  dynamic 
tescs.  The p re s su re  drop a c r o s s  t h e  v i s c o s e a l  t e s t  s e c t i o n  was measured 
us ing  an inc l ined  manometer, Shaft  speed was measured us ing  an  e l e c t r o n i c  
counter as discussed i n  Chapter E I I ,  
F igure  16 presen t s  the s e a l i n g  coefficient data  versus the 
rlearance Reynolds number where 
puc R e c  = - 0 
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The t h e o r e t i c a l  s o l u t i o n  of t he  developed r a r e f i e d  Equation (2-29), 
which r e d u c e s  t o  t h e  Boon and TaL s ~ l u t i o n  of Equat ion (2-30) f o r  
continuum conditions, i s  shown, It  i s  observed t h a t  t h e  p r e d i c t i o n s  
of t h e  e q u a t i o n  a r e  o p t i m i s t i c  i n  comparison t o  t h e  exper imenta l  d a t a .  
The exper imenta l  s e a l i n g  c o e f f i c i e n t  d a t a  h a s  a  r a t h e r  b e l l  s h a p e  w i t h  
~ h e  maximum v a l u e  of A, minimum s e a l i n g  performance,  o c c u r r i n g  a t  a  
Reynolds number of approx imate ly  350. The s e a l i n g  c o e f f i c i e n t  d e c r e a s e s  
w i t h  i n c r e a s e s  i n  Reynolds number above 350 due t o  what S t a i r  [ I S ]  
a t t r i b u t e s  t o  t h e  o n s e t  of t u r b u l e n c e ,  L u t t r e P l  [31]  d i s c u s s e s  i n e r t i a  
e f f e c t s  as t h e  s o u r c e  of t h i s  occur rence ,  The v a l u e  of 350 i s  w i t h i n  
t h e  " t r a n s i t i o n "  v a l u e s  of 300-600 determined by S t a i r  i n  h i s  exper iments  
i n  which wate r  was t h e  seal an^ b u t  i s  somewhat above t h e  v a l u e  of 180 
of F i g u r e  9 ,  page 58,  determined by Hodgson and MilLigan [ 7 ]  u s i n g  a i r .  
L u c t r e l l  [31]  r e p o r t s  t h a ~  t h e  o n s e t  of t h i s  t r a n s i t i o n  o c c u r r e n c e  i s  
de layed  wf th  d e c r e a s e  i n  t h e  groove a s p e c t  r a r i o .  T h i s  i s  s u b s t a n t i a t e d  
by comparing t h e  t r a n s f e ~ o n  v a l u e  of Hodgson and M i l l i g a n ' s  d a t a  f o r  
an  a s p e c t  r a t i o  of l l , 9  w i t h  t h a t  r e p o r t e d  h e r e  which h a s  a n  a s p e c t  
r a t i o  of e s s e n s i a l l y  u n i t y .  
The major  d i f f e r e n c e  i n  t h e  t r e n d s  of t h e  continuum s e a l i n g  d a t a  
from t h a ~  p r e v i o u s l y  r e p o r t e d  i s  i n  t h e  lower Reynolds number range  below 
350 where t h e  s e a l i n g  c o e f f i c i e n t  d e c r e a s e s  w i t h  decreased  Reynolds 
number, A number of i n v e s t i g a t o r s  t i ' ,  1 7 ,  18, 19 ,  and 311 have r e p o r t e d  
e x c e l l e n t  agreement i n  t h i s  r ange  w f t h  t h e  Boon and T a l  t h e o r y  which 
p r e d i c t s  a cons tan t  value of s e a l i n g  c o e f f i c i e n t ,  Because cf c h i s  
depascure  from ""ianaicigaiced" r e su l t s  zddltisnal fnvescigat~ons us ing  
conpLeteLy d f j r f e r e n ~  and independent  methods f o r  measur ing t h e  s e a l  AP 
and s h a f t  speed were conducted and the o r i g i n a l  d a t a  c a n f i m e d ,  
F i g u r e  1 7  shows a  p l o t  of AP a c r o s s  t h e  s e a l  v e r s u s  s h a f t  speed,  For 
a l l  o t h e r  s e a l i n g  c o e f f i c i e n t  v a r i a b l e s  h e l d  c o n s t a n t ,  t h e  AP must 
i n c r e a s e  l i n e a r l y  w i t h  s h a f t  speed f o r  t o  remain c o n s t a n t .  It may b e  
observed t h a t  t h e  major d e p a r t u r e  from a  l i n e a r  r e l a t i o n  o c c u r s  a t  v e r y  
low s h a f t  speeds .  For t h i s  r e a s o n ,  F igure  1 8  i s  i n c l u d e d  t o  e n l a r g e  
t h e  speed range  below 10,000 rpm. It i s  t h i s  s m a l l  d e p a r t u r e  from 
l i n e a r i t y  t h a t  produces  t h e  pronounced changes i n  t h e  s e a l i n g  c o e f f i c i e n t  
v a l u e s  i n  t h i s  range.  A c l o s e  examinat ion of L u t t r e l l ' s  F i g u r e  21 of 
Refe rence  [31] and of S t a i r ' s  F i g u r e  21 of Refe rence  [19]  and F i g u r e s  2 ,  
4 ,  and 7 of Reference [18]  show s l i g h t  ev idences  similar t o  t h a t  r e p o r t e d  
h e r e ,  The d a t a  of K e t o l a  and McGrew [ 3 2 ]  a l s o  show s i m i l a r  t r e n d s ,  
These r e f e r e n c e s  have e i t h e r  omi t t ed  o r  made minimum ment ion of t h i s  
a s p e c t .  
A s  p r e v i o u s l y  s t a t e d ,  t h e  g e n e r a l  l e v e l  of t h e  s e a l i n g  c o e f f i c i e n t  
d a t a  i s  above t h e  p r e d i c t i o n s  of Equat ion (2-29) and does  n o t  show t h e  
d e g r e e  of c o r r e l a t i o n  r e p o r t e d  i n  r e f e r e n c e s  [ 7 ,  17 ,  1 8 ,  and 191 between 
t h e o r y  and exper iment ,  T h i s  may be p a r t i a l l y  due t o  t h e  f a c t  t h a t  i n  t h e  
e v a l u a t i o n  of t h e  s e a l i n g  c o e f f i c i e n t  d a t a  t h a t  t h e  t r u e  AP/L d rop  a c r o s s  
t h e  v i s c o s e a l  s e c t i o n  was used.  S t a i r  i n  Refe rences  [18 and 191 measured 
t h e  p r e s s u r e  d i s t r i b u t i o n  a l o n g  t h e  s e a l  l e n g t h  and u t i l i z e d  dP/dL based  on t h e  
b e s t  p l o t  of t h e  p r e s s u r e  d i s t r i b u t i o n  e x c l u s i v e  o f  t h e  upst ream p r e s s u r e .  
S t a i r  r e p o r t s  on page 5 of Reference [18] t h a t  t h e  observed a c t u a l  p r e s s u r e  
d i f f e r e n c e s ,  AP, were approx imate ly  88 to  92 percent of the theoretical va lues<  
1 C 
L L  sirnildl rdtios were a p p l i e d  t o  the experimental resul ts  r e p o r t e d  h e r e i n ,  


considerable improvement in @ he c o r r e l a t i o n  between theory and experiment 
wculd r e s u l t .  There a r e  many o the r  f a c t o r s  which may account  f o r  t h e  
d i f f e r e n c e s  i n c l u d i n g  v i b r a t i o n s ,  s h a f t  r u n o u t ,  e c c e n t r i c i t y ,  
misal ignment ,  end e f f e c t s ,  and e x p e r i m e n t a l  u n c e r t a i n t y .  A f t e r  
c o n s i d e r a t i o n  o f  each of t h e s e ,  however, i t  is  t h e  w r i t e r ' s  o p i n i o n  
t h a t  t h e  pr imary r e a s o n  i s  due t o  t h e  absence  of boundary e o n d i t i o n s  
on t h e  groove s i d e  w a l l s  i n  t h e  t h e o r e t i c a l  model when d e a l i n g  w i t h  
grooves  of v e r y  low a s p e c t  r a t i o .  L u t t r e l l ' s  d a t a  f o r  grooves  s f  lower 
a s p e c t  r a t i o s  [31] a l s o  show d e c r e a s e s  i n  s e a l i n g  performance i n  comparison 
t o  t h e  Boon and T a l  theory  s i m i l a r  t o  t h a t  r e p o r t e d  h e r e ,  The p r e v i o u s  
i n v e s t i g a t i o n s  of r e f e r e n c e s  [ 7 ,  18, and 191 t h a t  have r e p o r t e d  v e r y  
good agreement between exper iment  and t h e  Boon and T a l  t h e o r y  have been 
f o r  grooves  o f  much h i g h e r  a s p e c t  r a c i o s .  
The r e s u l t s  of t h i s  continuum i n v e s t i g a t i o n  of s e a l i n g  c o e f f i c i e n t  
s u g g e s t  t h e  need f o r  c a u t i a n  when app ly ing  t h e  Boon and T a l  model t o  
v i s c o s e a l  d e s i g n s  having low a s p e c t  r a t i o  g rooves ,  A similar c o n c l u s i o n  
was reached  i n  Chapter  I V  based on t h e  n e t  l eakage  i n v e s t i g a t i o n s ,  
T h i s  p o r t i o n  of t h e  s t u d y  h a s  a l s o  i n d i c a t e d  t h e  g e n e r a l  need f o r  
a d d i t i o n a l  exper imenta l  i n v e s t i g a t i o n s  i n  t h e  low Reynolds number regime 
w i r h  emphasis on low a s p e c t  r a t i o  g rooves ,  
I t  may be no ted  t h a t  t h e  absence of exper imenta l  d a t a  n e a r  a 
c l e a r a n c e  Reynolds number of 300, o r  a s h a f t  speed of 16,000 rpm, is  
d u e  t o  t h e  existence of a eritfcaL s h a f t  speed a t  t h i s  c o n d i t i o n ,  
APPENDIX D 
CONSTANTS AND CONVERSION FACTORS 
Argon Constants 
M = 39.944 
Fundamental Constants 
Conversion Factors 
1 dyne/cm2 = 0.7501 uhg 
APPENDIX E 
TABULATED EXPERIMENTAL REDUCED DATA FOR 
RAREFIED VISCOSEAL NO. 1 
TABLE I V  
NET LEAKAGE REDUCED DATA FOR SEAL NO. 1, ZERO RPM 
Data PT Pb ~ I A P  P o i n t  
No. Vhg Vhg 1 / ~ ~  
TABLE V 
- - NET LEA-UGE REDUCED DATA FOR SEAL NO. 1, DYNkMIC SFEEOS 
Data P~ Pb GIAP C Po in t  
No. ~.thg vhg l / N K  x 10  -14 i n .  x 10  3 
- - 
10,000 rprn, c x l o 3  = 3 -87 i n .  , r = 146.4 
1 9,380 335 8.83 0.558 3.81 
2 6,410 60 6.03 0.117 3.80 
3 13,200 8 6 12.9 1.50 3.90 
4 16,700 9 3 15.9 2.74 3.87 
5 28,700 150 27.5 7.80 3.87 
6 32,500 166 30.9 9.80 3.87 
7 8,050 6 4 7.78 0.237 3.91 
10  31,000 233 30.7 10.15 4.01 
- 
5,000 rprn, ;x l o 3  = 3.85 i n . ,  r = 176.6 
- 
30,000 rpm, c x l o 3  = 3.29 i n . ,  r = 807 
TABLE VL 
R A R E F I E D  S E A L I N G  C O E F F I C I E N T  REDUCED DATA FOR SEAL NO. 1 
Data PT Pb 
Point 
~.lhg l/NK I\ Re No. phg c 
10,000 rpm, c x lo3 = 3.98 in. 
5,000 rpm, c x 103 = 3.99 in. 
*Argon blanket on graphite ring seal, 
30,000 rpm, c x 103 = 3.41 in. 
e 
in, x 10 3 
